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Research Statement

My research interests are mostly in the field of smooth dynamical systems, including

e partially hyperbolic and non-uniformly hyperbolic dynamics;
e nonlocal and homoclinic bifurcations;
o structure of Newhouse domains (in both dissipative and conservative setting);

e applications to problems in other fields of mathematics
(including celestial mechanics and discrete Schrodinger equations).

Here is the list of main results:

e one parameter version of the conservative Newhouse phenomena (a version of Conservative
Palis’ Congecture);

e Hausdorff dimension of oscillatory motions for the Sitnikov example and the Restricted Planar
Circular 3 Body Problem is often maximal possible (counterpart of Kolmogorov’s conjecture);

o finitude of attracting periodic orbits of a given cyclicity near a homoclinic contour for a typ-
ical (in a measure-theoretical sense) perturbation (weak form of Palis’ Conjecture on finitude of
attractors);

e construction of non-hyperbolic measures in partially hyperbolic dynamical systems;
e Holder property of central foliations of partially hyperbolic maps close to direct products;

e description of wild dynamical properties of skew products that appear in partially hyperbolic
dynamics and via some nonlocal bifurcations.

Below I describe these and other results in more details. The last paragraph of each section is
devoted to future research.

1. Finitude of attractors.

R.Thom conjectured that a typical diffeomorphism has at most a finite number of attractors
[T]. S.Newhouse proved that in the space of C"-smooth diffeomorphisms Diff" (M), r > 2, of a
compact surface M there is an open set U such that a Baire generic diffeomorphism f € U has
infinitely many coexisting sinks [N2], [N3]. Therefore, topologically generic dynamical system
may have infinite number of attractors. It is not known if a prevalent (generic in a measure-
theoretical sense) dynamical system can or can not have this property. Palis’ Conjecture on finitude
of attractors claims that, roughly speaking, with probability one a dynamical system has only finite
number of attractors.

Infinite number of sinks for two dimensional diffeomorphisms appear near homoclinic tan-
gencies. Let f € Diff" (M) be a diffeomorphism with a homoclinic tangency. Let V' be a small
neighborhood of a homoclinic contour. A sink is V-localized if its trajectory is inside of V. It has
a complexity s if it turns around V exactly s times. In our joint work with V.Kaloshin [GK1] we
show that for any integer s a prevalent (typical in measure-theoretical sense) unfolding of the diffeo-
morphism f has only finite number of V-localized sinks of complexity s. Similar result holds if we
consider sinks of arbitrary complexity, but with periods that are much larger than complexity. This
statement can be considered as a far reaching generalization of [LY], where sinks of complexity



one were treated.

The approach we use involves Newton Interpolation Polynomials and Discretization method,
developed in [K1], [KH]. For a separate decription of the method see [GHK]. It seems reasonable
to hope that these techniques can be applied to some of the most difficult problems of smooth
dynamical systems, such as, for example, behavior of Henon and Henon-like maps, see [H], [BC],
[MV], [WY].

2. Conservative Newhouse phenomena.

S. Newhouse [N1] constructed open sets (nowadays called Newhouse domains) of maps
where diffeomorphisms with tangencies between stable and unstable manifolds (homoclinic tan-
gencies) are dense. Moreover, in these open sets there are residual subsets of maps with infinitely
many attracting periodic orbits (this provides a counterexample to Thom’s conjecture, see previ-
ous section). Later C.Robinson [R] noticed that this result can be formulated in terms of generic
one parameter unfolding of a homoclinic tangency.

P. Duarte [D] showed that in area preserving case existence of homoclinic tangencies also
lead to similar phenomena, where sinks are replaced by elliptic islands.

In my part of [GK2] I prove a stronger one parameter version of the Duarte’s result. Namely,
consider a generic unfolding of a quadratic homoclinic tangency associated with a saddle Py of
an area preserving map fo. There is an open set U in the space of parameters such that for every
€ U the map f, has a hyperbolic set with persistent homoclinic tangencies. Moreover, for every
w from some residual subset of U the map f, has an invariant transitive closed set H,, such that

© the set H, is accumulated by f,,’s elliptic points,
odimpgH, =2,
odimp{r € Hy| P, € w(z)Na(x)} =2, where P, is the unique fized point near Py.

Our interest to this topic initially was motivated by applications to celestial mechanics de-
scribed in the next section.

What one can say about the Lebesque measure of H, or {z € H,| P, € w(z) N a(x)}? This
question is related to Kolmogorov’s Conjecture on the measure of oscillatory motions in the three
body problem. Also it is motivated by similar problems regarding the standard map.

Another challenge is to find an analog of these results in higher dimension (in particular, to
construct Newhouse domains in dimension four). Even in dissipative case such generalization is
quite far from being trivial, see [PV].

3. Hausdorff dimension of oscillatory motions.

The modern theory of Dynamical Systems is in major part an offspring of celestial mechanics.
Poincare proved non-integrability of the three body problem when he discovered the homoclinic
picture. Alexeev [A] explained the existence of the oscillatory motions in Sitnikov model (one
of the restricted versions of the three body problem) using methods of hyperbolic dynamics. A
motion of the 3 body problem is called oscillatory if limsup of maximal distance among the bodies
is infinity as time tends to infinity and liminf is finite. Kolmogorov conjectured that the set of
oscillatory motions has zero measure.

In our joint work with V.Kaloshin [GK2] we show that in many cases the set of oscillatory
motions in the 3 body problem has maximal Hausdorff dimension. Proof relies on investigation
of objects exposed in the previous section, such as area-preserving Henon family, persistent ho-
moclinic tangency, splitting of separatrices. Namely, consider the Sitnikov problem. It is a special
case of the restricted three body problem where the two primaries with equal masses are mov-
ing in an elliptic orbits of the two body problem, and the infinitesimal mass is moving on the
straight line orthogonal to the plane of motion of the primaries which passes through the center
of mass. Eccentricity ey of orbits of primaries is a parameter. After some change of coordinates



(McGehee transformation) the infinity can be considered as a degenerate saddle with smooth in-
variant manifolds that correspond to parabolic motions (the orbit tends to infinity with zero limit
velocity). Stable and unstable manifolds coincide in the case of circular (eg = 0) Sitnikov problem.
Dankowicz and Holmes [DH] showed that for non-zero eccentricity invariant manifolds have a
point of transverse intersection. This leads to the existence of homoclinic tangencies and appear-
ance of all the phenomenon that can be encountered in the conservative homoclinic bifurcations,
as described in the previous section. In particular, existence of hyperbolic sets of large Hausdorff
dimension implies that there is an open set U, 0 € U, in the space of parameters such that for pa-
rameters from some residual subset of U the set of oscillatory orbits in the Sitnikov problem has full
Hausdorff dimension. Similar statement holds for the planar circular restricted three body problem.
The existence of transversal homoclinic points in the latter case was established in [LS], [X].

In our attempts to generalize this result to the versions of the three body problem with
smaller groups of symmetries we encountered serious technical difficulties of pure dynamical
nature. Namely, conservative homoclinic bifurcations are much harder to investigate in higher
dimensions due to the fact that there are no smooth stable and unstable foliations near hyperbolic
sets in this case. This motivates an extensive family of problems to be attacked in the near future.

4. Central foliations of partially hyperbolic maps.

Two mechanisms of structural instability in smooth dynamical systems are known: partial
hyperbolicity and homoclinic tangencies. It was conjectured by J. Palis [P] that at least one of these
phenomena is always present in essentially structurally unstable systems.

The simplest way to construct a partially hyperbolic map is to consider a direct product § of
amap S : N — N exhibiting a uniformly hyperbolic set A by identity map of a compact manifold
id: M — M,§ = Sxidy,. Itis well known (see [HPS]) that invariant set A x M does not disappear
after small perturbations of the map 3. In [G2] I proved that a small C"-perturbation of the map
$ has an invariant partially hyperbolic set which central leaves depend Hélder continuously on the
point on transversal in C"~1-metric. This is a substantial generalization of a result by V. Nitica and
A.Torok [NT], where the partial case (M = T*, S : T! — T is Anosov) was considered.

The proof uses the compactness of the central leaves. Is it possible to generalize this result to
the case of non-compact leaves? It is an open and important question (see [PSW]).

5. Non-removable zero Lyapunov exponents.

To what extent is the behavior of a generic dynamical system hyperbolic? A number of
problems in modern theory of smooth dynamical systems can be viewed as some forms of this
question. It was shown in the 1960s that uniformly hyperbolic systems (Anosov diffeomorphisms,
Axiom A) are not dense in the space of dynamical systems [AS]. This forced weakening the notion
of hyperbolicity and gave rise to notions of partial and nonuniform hyperbolicity. Some systems
of these types are studied by famous Pesin theory [Pe]. In Pesin theory, hyperbolic behavior is
characterized by nonzero Lyapunov exponents for some invariant measure. The most natural case
is that of a system with a smooth invariant measure. This case was studied in various aspects,
for example, in [B], [BB], [DP]. However, the question about Lyapunov exponents can also be
considered for maps that do not a priori have a natural invariant measure.

In [GI1], [GI2] we investigate the properties of skew products generated by partially hyper-
bolic maps considered in the previous section. Namely, the map in the base is a hyperbolic map
(one can take a topological Bernoulli shift as a model of a hyperbolic map), and a map on a fiber
M depends Holder continuously on a point in base. In this way for an open set of diffeomorphisms
we construct an orbit with a zero Lyapunov exponent. Moreover, in [GIKN] we show how not just
an orbit, but also an invariant ergodic non-hyperbolic (with a zero Lyapunov exponent) measure can
be constructed for a class of skew products. Using the result above related to Holder property



of central leaves my co-authors V.Kleptsyn and M.Nalsky [KN] showed that the same conclusion
works for an open set of diffeomorphisms, not just skew products.

It is reasonable to conjecture that uniformly hyperbolic maps together with diffeomorphisms
exhibiting o non-hyperbolic ergodic invariant measure form an open and dense subset in the space
of smooth dynamical systems. In [DG] we prove that this is true for robustly hyperbolic diffeomor-
phisms. The main ingredient of the proof is a partially hyperbolic structure of robustly transitive
diffeomorphisms [BDPR]. It would be very interesting to understand other mechanisms that cre-
ate non-hyperbolic invariant measures.

6. Nonlocal bifurcations.

In our joint work with Yu.Ilyashenko [GI2] we described a bifurcation of a vector field with
a saddlenode cycle exhibiting several invariant homoclinic tori. In particular, we show that the
maps described in Sections 4 and 5 above appear as a Poincaré map for many (positive density at
the point of bifurcation) parameter values.

7. Discrete Scrédinger equations.

Currently I am very interested in dynamical approach to discrete Schrodinger equations. In
particular, I would like to apply the results on non-uniformly hyperbolic linear cocycles (see [Y])
to the discrete Scrodinger equation with smooth quasiperiodic potential. Also I am going to study
the relation between spectral properties of discrete Schrodinger operators with Fibonacci potential
and dynamical properties of the so called trace map (see [C]). The latter problem was suggested
to me by D.Damanik.
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