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Abstract

In this paper we introduce a nonuniform sparsity model and analyze the performance of an opti-
mized weighted ¢; minimization over that sparsity model. In particular, we focus on a model where
the entries of the unknown vector fall into two sets, with entries of each set having a specific proba-
bility of being nonzero. We propose a weighted ¢; minimization recovery algorithm and analyze its
performance using a Grassmann angle approach. We compute explicitly the relationship between the
system parameters-the weights, the number of measurements, the size of the two sets, the probabilities
of being nonzero- so that when i.i.d. random Gaussian measurement matrices are used, the weighted
£1 minimization recovers a randomly selected signal drawn from the considered sparsity model with
overwhelming probability as the problem dimension increases. This allows us to compute the optimal
weights. We demonstrate through rigorous analysis and simulations that for the case when the support
of the signal can be divided into two different subclasses with unequal sparsity fractions, the weighted
{1 minimization outperforms the regular ¢; minimization substantially. We also generalize our results

to signal vectors with an arbitrary number of subclasses for sparsity.

1 Introduction

Compressed sensing is an emerging technique of joint sampling and compression that has been recently
proposed as an alternative to Nyquist sampling (followed by compression) for scenarios where measure-
ments can be costly [29]. The whole premise is that sparse signals (signals with many zero or negligible
elements over a known basis) can be recovered with far fewer measurements than the ambient dimension

of the signal itself. In fact, the major breakthrough in this area has been the demonstration that ¢;
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minimization can efficiently recover a sufficiently sparse vector from a system of underdetermined linear
equations [2]. ¢; minimization is usually posed as the convex relaxation of ¢y minimization which solves
for the sparsest solution of a system of linear equation and is NP hard.

The conventional approach to compressed sensing assumes no prior information on the unknown
signal other than the fact that it is sufficiently sparse over a particular basis. In many applications,
however, additional prior information is available. In fact, in many cases the signal recovery problem
that compressed sensing addresses is a detection or estimation problem in some statistical setting. Some
recent work along these lines can be found in [§], which considers compressed detection and estimation, [9],
which studies Bayesian compressed sensing, and [10] which introduces model-based compressed sensing
allowing for model-based recovery algorithms. In a more general setting, compressed sensing may be
the inner loop of a larger estimation problem that feeds prior information on the sparse signal (e.g., its
sparsity pattern) to the compressed sensing algorithm [12] [13].

In this paper we will consider a particular model for the sparse signal where the entries of the unknown
vector fall into a number u of classes, with each class having a specific fraction of nonzero entries. The
standard compressed sensing model is therefore a special case where there is only one class. As mentioned
above, there are many situations where such prior information may be available, such as in natural images,
medical imaging, or in DNA microarrays. In the DNA microarrays applications for instance, signals are
often block sparse, i.e., the signal is more likely to be nonzero in certain blocks rather than in others [I1].
While it is possible (albeit cumbersome) to study this model in full generality, in this paper we will focus
on the case where the entries of the unknown signal fall into a fixed number u of categories; in the ¢th set
K; with cardinality n;, the fraction of nonzero entries is p;. This model is rich enough to capture many
of the salient features regarding prior information. We refer to the signals generated based on this model
as nonuniform sparse signals.

A signal generated based on this model could resemble the vector representation of a natural image
in the domain of some linear transform (e.g. Discrete Fourier Transform, Discrete Cosine Transform,
Discrete Wavelet Transform, ...) or the spatial representation of some biomedical image, e.g., a brain
fMRI image (see [5] for an application of model based compressed sensing and modified sparsity models
for MRI images). Although a brain fMRI image is not necessarily sparse, the subtraction of the brain
image at any moment during an experiment from an initial background image of inactive brain mode
is indeed a sparse signal which, demonstrates the additional brain activity during the specific course of
experiment. Moreover, depending on the assigned task, the experimenter might have some prior infor-
mation. For example it might be known that some regions of the brain are more likely to be entangled
with the decision making process than the others. This can be captured in the above nonuniform sparse
model by considering a higher value p; for the more active region. Similarly, this model is applicable to
other problems like network monitoring (see [20] for an application of compressed sensing and nonlinear
estimation in compressed network monitoring), DNA microarrays [22} 23] [24], astronomy, satellite imag-

ing and many more practical examples. In particular, we will give one example in satellite imaging with



details, where such a model is applicable for real data. In general, achieving such a probabilistic prior
in practice requires comprehensive knowledge of the model from which the sparse signal is generated, or
detailed analysis of some post processing. We will elaborate on the latter later in this paper.

In this paper we first analyze this model for the case where there are u > 2 categories of entries, and
demonstrate through rigorous analysis and simulations that the recovery performance can be significantly
boosted by exploiting the additional information. We find a closed form expression for the recovery
threshold for u = 2. We also generalize the results to the case of w > 2. A further interesting question
to be addressed in future work would be to characterize the gain in recovery percentage as a function of
the number of distinguishable classes u. It is worth mentioning that a somewhat similar model for prior
information has been considered in [6]. There, it has been assumed that part of the support is completely
known a priori or due to previous processing. A modification of the regular £; minimization based on
the given information is proven to achieve significantly better recovery guarantees. A variation of this
algorithm for noisy recovery under partially known support is also considered in [7]. As will be discussed,
this model can be cast as a special case of the nonuniform sparse model, where the sparsity fraction is
equal to unity in one of the classes . Therefore, using the generalized tools of this work, we can explicitly
find the recovery thresholds for the method proposed in [6]. This is in contrast to the recovery guarantees
of [6] which are given in terms of the restricted isometry property (RIP).

The contributions of the paper are the following. We propose a weighted ¢; minimization approach
for sparse recovery where the ¢; norms of different classes (K;’s) are assigned different weights wg,
(1 <4 < u). Intuitively, one would want to give a larger weight to the entries with a higher chance
of being zero and thus further force them to be zero The second contribution is that we explicitly
compute the relationship between p;, wg,,7*, 1 <4 < u and the number of measurements so that the
unknown signal can be recovered with overwhelming probability as n — oo (the so-called weak and strong
thresholds) for measurement matrices drawn from an i.i.d. Gaussian ensemble. The analysis uses the high-
dimensional geometry techniques first introduced by Donoho and Tanner [I], 3] (e.g., Grassmann angles)
to obtain sharp thresholds for compressed sensing. However, rather than the neighborliness condition used
in [1L 3], we find it more convenient to use the null space characterization of Xu and Hassibi [4, 19]. The
resulting Grassmannian manifold approach is a general framework for incorporating additional factors
into compressed sensing: in [4] it was used to incorporate approximately sparse signals; here it is used to
incorporate prior information and weighted ¢; optimization. The techniques for computing the probability
decay exponents are adapted from the works of [I], 3]. Our analytic results allow us to precisely compute
the optimal weights for any p;,n;, 1 < ¢ < u. We also provide certain robustness conditions for the
recovery scheme for compressible signals or under model mismatch. We present simulation results to
show the advantages of the weighted method over standard ¢; minimization. Furthermore, the results

of this paper for the case of two classes (u = 2) builds a rigid framework for analyzing certain classes of

'A somewhat related method that uses weighted ¢1 optimization is by Candes et al. [12]. The main difference is that
there is no prior information. At each step, the ¢; optimization is re-weighted using the estimate of the signal obtained in
the last minimization step.



re-weighted /1 minimization algorithms. In a re-weighted /1 minimization algorithm, the post processing
information from the estimate of the signal at each step can be viewed as additional prior information
about the signal, and can be incorporated into the next step as appropriate weights. In a further work
we have been able to analytically prove the threshold improvement in a reweighted ¢; minimization using
this framework [21]. It is worth mentioning that we have prepared a software package based on the results
of this paper for threshold computation using weighted ¢; minimization, and it is available in [27].

The paper is organized as follows. In the next section we briefly describe the notations that we
use throughout the paper. In Section B] we describe the model and state the principal assumptions of
nonuniform sparsity that we are interested in. We also sketch the objectives that we are shooting for and,
clarify what we mean by recovery improvement in the weighted ¢; case. In Section [ we skim through
our critical theorems and try to present the big picture of the main results. Section [lis dedicated to the
concrete derivation of these results. In Section [6 we briefly introduce the reweighted ¢; minimization
algorithm, and provide some insights in how the derivations of this work can be used to analyze the
improved recovery thresholds. In Section [7] some simulation results are presented and are compared to
the analytical bounds of the previous sections. The paper ends with a conclusion and discussion of future

work in Section ]l

2 Basic Definitions and Notations

Throughout the paper, vectors are denoted by small boldface letters x,w,z,..., scalars are shown by
small regular letters a,b, «, ..., and matrices are denoted by bold capital letters(A,I,...). For referring
to geometrical objects and subspaces, we use Calligraphic notation, e.g. Z,F,G,P,C,.... This includes

the notations that we use to indicate the faces of a high dimensional polytope, or the polytope itself.
Sets and random variables are denoted by regular capital letters(K, .S, ... ). The normal distribution with
mean g and variance o is denoted by A'(u,0?). For functions we use both little and capital letters and
it should be generally clear from the context. We use the phrases RHS and LHS as abbreviations for
Right Hand Side and Left Hand Side respectively throughout the paper.

Definition 1. A random variable Y is said to have a Half Normal distribution HN(0,02%) if Y = |X|

where X is a zero mean normal variable X ~ N(0,0?%).

3 Problem Description

We first define the signal model. For completeness, we present a general definition.

Definition 2. Let K = {K, K», ..., Ky} be a partition of {1,2,--- ,n}, i.e. (K;NK; =0 fori#j, and

Uim, Ki = {1,2,...,n}), and P = {p1,p2,--- ,pu} be a set of positive numbers in [0,1]. A n x 1 vector

T

x = (z1,22, -+ ,xp)" is said to be a random nonuniformly sparse vector with sparsity fraction p;

over the set K; for 1 <i < u, if X is generated from the following random procedure:
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Figure 1: Tlustration of a nonuniformly sparse signal.

e Quer each set K;, 1 < i < u, the set of nonzero entries of x is a random subset of size p;|K;|. In
other words, a fraction p; of the entries are nonzero in K;. p; is called the sparsity fraction over
K;. The values of the nonzero entries of x can arbitrarily be selected from any distribution. We

can choose N'(0,1) for simplicity.

In Figure [[l a sample nonuniformly sparse signal with Gaussian distribution for nonzero entries is
plotted. The number of sets is considered to be u = 2 and both classes have the same size 5, with
n = 1000. The sparsity fraction for the first class K; is p; = 0.3, and for the second class Ks is po = 0.05.
In fact, the signal is much sparser in the second half than it is in the first half. The advantageous feature
of this model is that all the resulting computations are independent of the actual distribution on the
amplitude of the nonzero entries. However, as expected, it is not independent of the properties of the
measurement matrix. We assume that the measurement matrix A is a m X n matrix with i.i.d. standard
Gaussian distributed A/(0,1) entries, with @ = § < 1. The measurement vector is denoted by y and
obeys the following:

y = Ax. (1)

As mentioned in Section [ ¢; minimization can recover a randomly selected vector x with k& = un
nonzero entries with high probability, provided p is less than a known function of §. ¢; minimization has
the following form:

in ] @
The reference [I] provides an explicit relationship between p and the minimum ¢ that guarantees success
of {1 minimization recovery in the case of Gaussian measurements and provides the corresponding nu-
merical curve. The optimization in (Z) is a linear program and can be solved polynomially fast (O(n?)).
However, it fails to encapsulate additional prior information of the signal nature, might there be any such

information available. One can simply think of modifying (2] to a weighted ¢; minimization as follows:

n
i, Ixlhos = guin 3wl 3
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The index, w, on the norm is an indication of the n x 1 positive weight vector. Now the questions are i)
what is the optimal set of weights for a certain set of available prior information?, and ii) can one improve
the recovery threshold using the weighted ¢; minimization of (B]) by choosing a set of optimal weights?
We have to be more clear with our objective at this point and clarify what we mean by improving the
recovery threshold. Generally speaking, if a recovery method can reconstruct all signals of a certain model
with certainty, then that method is said to be strongly successful on that signal model. If we have a
class of models that can be identified with a parameter 6, and if for all models corresponding to 6 < 6
a recovery scheme is strongly successful, then the threshold 6y is called a strong recovery threshold
for the parameter 6. For example, for fixed %, if k < n is sufficiently small, then ¢; minimization can
provably recover all k-sparse signals, provided that appropriate linear measurements have been made from
the signal. The maximum such k is called the strong recovery threshold of the sparsity for the success of /1
minimization. Likewise, for a fixed ratio yu = %, the minimum ratio of measurements to ambient dimension
™ for which, £; minimization always recovers k-sparse signals from the given m linear measurements is
called the strong recovery threshold for the number of measurements for ¢; minimization. In contrast,
one can also look into the weak recovery threshold, defined as the threshold below which, with very
high probability a random vector generated from the model is recoverable. For the nonuniformly sparse
model, the quantity of interest is the overall sparsity fraction of the model defined as (M) The
question we ask is whether by adjusting w;’s according to p;’s one can extend the strong or weak recovery
threshold for sparsity fraction to a value above the known threshold of /; minimization. Equivalently,
for given classes K1,--- , K, and sparsity fractions p;’s, how much can the strong or weak threshold be
improved for the minimum number of required measurements, as apposed to the case of uniform sparsity

with the same overall sparsity fraction.

4 Summary of Main Results

We state the two problems more formally using the notion of recovery thresholds that we defined in the

previous section. We only consider the case of u = 2.

e Problem 1 Consider the random nonuniformly sparse model with two classes K1, K> of cardinalities
n1 = y1n and ng = y9n respectively, and given sparsity fractions p; and ps. Let w be a given weight

vector. As n — oo, what is the weak (strong) recovery threshold for § = o

so that a randomly
chosen vector (all vectors) x¢ selected from the nonuniformly sparse model is successfully recovered

by the weighted ¢; minimization of (3]) with high probability?

Upon solving Problem.1, one can exhaustively search for the weight vector w that results in the minimum
recovery threshold for §. This is what we recognize as the optimum set of weights. So the second problem

can be stated as:

e Problem 2 Consider the random nonuniformly sparse model defined by classes K7, Ko of cardi-

ni

nalities n; and ng respectively, with 41 = "1 and 7, = 2, and given sparsity fractions p; and ps.



What is the optimum weight vector w in () that results in the minimum number of measurements

for almost sure recovery of signals generated from the given random nonuniformly sparse model?

We will fully solve these problems in this paper. We first connect the misdetection event to the properties
of the measurement matrix. For the non-weighted case, this has been considered in [19] and is known as
the null space property. We generalize this result to the case of weighted ¢; minimization, and mention
a necessary and sufficient condition for [B]) to recover the original signal of interest. The theorem is as

follows.

Theorem 4.1. For all n x 1 vectors x* supported on the set K C {1,2,...,n}, x* is the unique solution
to the linear program minax—y » ., wilx;| with y = Ax*, if and only if for every nonzero vector z =

(21,22, ,2n)T in the null space of A, the following holds: Y ;¢ jc wilzi| < 3o wilzil.

This theorem will be proved in Section 5l Note that if the null space condition given in the above theorem
is weaker than the null space condition for regular ¢; minimization, then it immediately implies that the
weighted /1 minimization is better than 1 minimization. To clarify this, consider the following example.
suppose that a subset K’ of the support set K is known a priori. If we assign weights w; = 0 to i € K’
and w; = 1 to i € K, then whenever the null space condition ;- |2i| < >, % |2i| holds for regular ¢;
minimization, the condition ) ;- wi|zi| < ), wi|2| also holds (since the left hand size decreases and
the right hand size is untouched). Therefore the weighted ¢; scheme is at least as good as ¢; minimization
(in the strong recovery sense).

As will be explained in Section 5] Theorem [£Tlalong with known facts about the null space of random
Gaussian matrices, help us interpret the probability of recovery error in terms of a high dimensional
geometrical object called the complementary Grassmann angle; namely the probability that a uniformly
chosen (n — m)-dimensional subspace Z shifted by a point x of unity weighted ¢;-norm, » ", w;z; = 1,
intersects the weighted ¢;-ball Py, = {y € R" | >°"" | w;|y;| < 1} nontrivially at some other point besides
x. The shifted subspace is denoted by Z + x. The fact that we can take for granted, without explicitly
proving it, is that due to the identical marginal distribution of the entries of x in each of the sets K; and
K, the entries of the optimal weight vector take at most two (or in the general case u) distinct values

wg, and wg, depending on their index. In other words

wg, if 1€ K
Vie{1,2,-,n} w={ / ! (4)
Wi, if i € Ko

Leveraging on the existing techniques for computing the complementary Grassmann angle [I7, 18], we
will be able to state and prove the following theorem along the same lines, which upper bounds the
probability that the weighted ¢; minimization does not recover the signal. Please note that in the following
theorem, the rigorous mathematical definitions to some of the terms (internal angle and external angle)
is not presented, due to the extent of descriptions. They will however be defined rigorously later in the

derivations of the main results in Section [l



Theorem 4.2. Let Ky and Ko be two disjoint subsets of {1,2,--- ,n} such that |K1| = ny,|Ks| = na,
and p1 and pa be real numbers in [0,1]. Also, let ki = pini, ko = pana, and E be the event that a random
nonuniformly sparse vector xo (Definition [2) with sparsity fractions p1 and ps over the sets K1 and Ko
respectively is recovered via the weighted €1 minimization of (3) with y = Axq. Also, let E¢ denote the

complement event of E. Then

—k —k
P{E‘} < > ghHtatl (”1 " 1) ("2 . 2)6(k1,k2|t1,t2)c<t1 + ket + ko) (5)

0<t <ny—ky
0 <ty <ng— kg
ty +ty>m—ky —ko+1
where B(ki, kalt1,t2) is the internal angle between a (ki + ko — 1)-dimensional face F of the weighted
l1-ball Py = {y € R D7 wil|yi| < 1} with ki vertices supported on K and ko vertices supported on
Ky, and another (k1 + ko + t1 + to — 1)-dimensional face G that encompasses F and has t1 + ki vertices
supported on Ky and the remaining to + ko vertices supported on Ky. ((di,ds2) is the external angle

between a face G supported on set L with |L N K| = d; and |L N Ka| = do and the weighted {1-ball Py, .

See Section [51] for the definitions of integral and external angles.

The proof of this theorem will be given in Section 5.2l We are interested in the regimes that make the
above upper bound decay to zero as n — oo, which requires the cumulative exponent in (&) to be negative.
We are able to calculate sharp upper bounds on the exponents of the terms in (&) by using large deviations
of sums of normal and half normal variables. More precisely, if we assume that the sum of the terms
corresponding to particular indices ¢; and to in (B)) is denoted by F'(t1,t2), and define 7, = % and 75 = &2

p)
then using the angle exponent method from [3] 1], we are able to find and compute an exponent function
Vot (T1,72) = Yeom (71, 72) — Yint (71, T2) — Yeat (71, 72) so that Llog F(t1,t2) ~ bt (11, 72) as n — oo. The
terms Yeom (+,*), Yint(+, ) and ez (-, -) are contributions to the cumulative exponent v, by the so called
combinatorial, internal angle and external angle terms respectively, existing in the upper bound (Bl). The
derivations of these terms will be elaborated in Section Consequently, we state a key theorem that

is the implicit answer to Problem 1.

Theorem 4.3. Let 6 = 7> be the ratio of the number of measurements to the signal dimension, y1 = “-

and 2 = L. For fived values of y1, 72, p1, P2, W = ZK2 . define E to be the event that a random

le

nonuniformly sparse vector xo (Definition [2) with sparsity fractions p1 and ps over the sets K1 and Ko
respectively with |Ki| = y1n and |Ka| = ~yan is recovered via the weighted {1 minimization of (3) with
y = Axq. There exists a critical threshold 0. = 6.(v1,72,p1,p2,w) such that if § = = > 6., then P{E}

decays exponentially to zero as n — co. Furthermore, 0. is given by

de = min{d | Yeom (71, 72) — Yint (71, 72) — Yext(T1,72) <0V 0 <71 <71 (1 —p1),

0< 71 <7l —p2), 71 +72>06—71p1 —Yy2p2}

where Yeom, Yint and Yezr are obtained from the following expressions:



Define g(z) = %e_‘ﬂ, G(z) = % Iy e ¥’ dy and let o(.) and ©(.) be the standard Gaussian pdf and cdf

functions respectively.
1. (Combinatorial exponent)

T2
Y2(1 = p2)

1

m) + 72(1 - p2)H(

wcom(TlaTQ) = (71(1 _pl)H( ) —+ 711 + 7'2) 10g2 (6)

where H(-) is the entropy function defined by H(z) = —zlogz — (1 — x)log(1l — x).

2. (External angle exponent) Define ¢ = (11 + yip1) + w?(m2 + Yop2), a1 = (1 — p1) — 71 and

ag = Yo(1 — po) — mo. Let xg be the unique solution to xz of the following:

g(z)ar  wg(wz)as

2e - xG(x) 2G(wr)

=0

Then
Vext(T1,T2) = cxd — a1 log G(xg) — azlog G(wo) (7)

+w? _ 2 _ __Tmip(s) wT2p(ws)
L U =ypr+whyepe and Q(s) = 7555w T rira)ses) -

Define the function M(s) = —% and solve for s in M(s) = %. Let the unique solution

be s* and set y = s*(b— M(ls*))' Compute the rate function A*(y) = sy — ~F-A1(s) — 25 A1 (ws)

at the point s = s*, where Ai(s) = 82—2 +log(2®(s)). The internal angle exponent is then given by:

3. (Internal angle exponent) Let b =

T+ T2 o

Yint (11, 72) = (A" (y) + 5 Y +log2)(m1 + 72) (8)

Theorem [A.3] is a powerful result, since it allows us to find (numerically) the optimal set of weights

for which the fewest possible measurements are needed to recover the signals almost surely. To this

end, for fixed values of 71, v2, p1 and po, one should find the ratio Z? for which the critical threshold
1
d¢(V1, 72, 1, P2, Z—?) from Theorem is minimum. We discuss this by some examples in Section [ A
1

generalization of Theorem for a nonuniform model with an arbitrary number of classes (u > 2) will

be given in Section 5.3l

As mentioned earlier, using Theorem [£3] it is possible to find the optimal ratio z—?
1

requires an exhaustive search over the J. threshold for all possible values of w. For 3 = 72 = 0.5,

It however

p1 = 0.3 and py = 0.05, we have numerically computed d.(v1, 72, p1, P2, w—?) as a function of Z? and
1 1
depicted the resulting curve in Figure Zal This suggests that —2 ~ 2.5 is the optimal ratio that one can

le
choose. Later we will confirm this using simulations. The value of . for another choice of py, ps is shown

p2
P

in Figure 2Bl Note that for given class sizes 1,72 the optimal value of w does not solely depend on
To see this, we have obtained the numerical value of the optimal w for a fixed ratio g—; = 5, for various
values of py using exhaustive search and the result of Theorem The result is displayed in Figure [3al
As can be seen, although %21 is fixed, as p; approaches 1, the optimal value of weight becomes very large

(in fact for the case of p; = 1, we later prove that the optimal w is indeed wqpy = 00). In Figure BD] the
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Figure 3: (a) Optimum value of weight w = :iQ vs. p2 = p1/5, v1 = v2 = 0.5. (b) Optimum value of weight w = % vs. Z—;, for
1 1
71 =72 = 0.5, p171 + p2y2 = 0.5.

optimal weight is plotted as a function of g—; for a situation where the overall sparsity, i.e. v1p1 + Yopo is
constant.

Note that 6. given in Theorem [.3]is a weak bound on the ratio § = 7*. In other words, it determines
the minimum number of measurements so that for a random sparse signal from the nonuniform sparse
model and a random support set, the recovery is successful with high probability. It is possible to obtain
a strong bound for §, using a union bound on all possible support sets in the model, and all possible
sign patterns of the sparse vector. Similarly, a sectional bound can be defined which accounts for all
possible support sets but almost all sign patterns. Therefore, the expressions for the strong and sectional
thresholds(see [I], 3] for definitions), which we denote by 5 and 67 are very similar to 0. in Theorem
A3l except for a slight modification in the combinatorial exponent term %com,. This will be elaborated in
Section

It is worthwhile to consider some asymptotic cases of the presented nonuniform model and some of
their implications. First of all, when one of the subclasses is empty, e.g. 1 = 0, then the obtained weak

and strong thresholds are equal to the corresponding thresholds of /1 minimization for a sparsity fraction

10



p = po. Furthermore, if the sparsity fractions p; and po over the two classes are equal, and a unitary
weight w = 1 is used, then the weak threshold d. is equal to the threshold of /; minimization for a sparsity

fraction p = p; = ps. In other words:

50(’)/1,’)/2,]9,]9, 1) = 50(071707197 1) (9)

This follows immediately from the derivations of the exponents in Theorem A3l However, the latter
is not necessarily true for the strong threshold. In fact the computation of the strong threshold for
regular /1 minimization involves a union bound over a larger set of possible supports, and therefore the

combinatorial exponent becomes larger. Therefore:

3 (1,72, 2,2, 1) < 689(0,1,0,p,1). (10)

A very important asymptotic case is when the unknown signal is fully dense over one of the subclasses,
e.g. p1 = 1, which accounts for a partially known support. This model is considered in the work of Vaswani
et al. [6], with the motivation that in some applications (or due to previous processing steps), part of
the support set can be fully identified (p; = 1), or can be approximated very well which corresponds to
p1 < 1. If the dense subclass is K; and Ko = K¢, then [0] suggests solving the following minimization
program:

i . 11
i [ 1 ()

It is possible to find exact thresholds for the above problem using the weighted ¢; minimization machinery
presented in this paper. First, note that (II]) is the asymptotic solution of the following weighted ¢,
minimization, when w — oo,

min {13, |1+ wl[xx; |1 (12)
Ax=y

Therefore the recovery threshold for (IIl) can be given by d6.(y1,72, 1, p2,w) for w — oco. We prove the
following theorem about the latter threshold:

Theorem 4.4. If w — oo, then d.(v1,72, 1, p2,w) — 71 + 720.(0,1,0,po, 1).

The interpretation of the above theorem is that when a subset of entries of size yyn are known to be
nonzero, the minimum number of measurements that is required for successful recovery with high proba-
bility using (1) is equal to the total number of measurements needed if we were allowed to independently
measure everything in the first subclass (i.e. the known subset of the support) , plus the number of mea-
surements we needed for recovering the remaining entries using £; minimization. The proof of this theorem
is given in Appendix [Al

A very important factor regarding the performance of any recovery method is its robustness. In other
words, it is important to understand how resilient the recovery is in the case of compressible signals or
in the presence of noise or model mismatch(i.e. incorrect knowledge of the the sets or sparsity factors).

We address this in the following theorem.
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Theorem 4.5. Let Ki and Ky be two disjoint subsets of {1,2,--- ,n}, with |Ki| = yin,|Ks| = yan
and y1 + 2 = 1. Also suppose that the dimensions of the measurement matriz A satisfy 6 = 7+ >
5£S> (71,72, p1, p2,w) for positive real numbers p1 and ps in [0,1] and w > 0. For positive €1, €2, assume
that Ly and Lo are arbitrary subsets of K1 and Ko with cardinalities (1 — e1)yip1n and (1 — €2)yapan

respectively. With high probability, for every vector Xq, if X is the solution to the following linear program:

min xg, [[1 + w|[xz; |1, (13)
x=Axq
then the following holds
20 — %)y 1+ wll 20 — Ryl < ey (150} 7501e 1+l (0 i ) (14
where 1 + HllIl( €1P1  €2P2 )
_ 1—p1’ 1—p2
€1,€2 — 1 . €1p1 €2p2 \°
1 mln(l_pl, l—pz)

The above theorem has the following implications. First, if x¢ is a (compressible) vector, such that
its “significant” entries follow a nonuniform sparse model, then the recovery error of the corresponding
weighted £; minimization can be bounded in terms of the ¢; norm of the “insignificant” part of xg
(i.e. the part where a negligible fraction of the energy of the signal is located or most entries have
significantly small values, compared to the other part that has an overall large norm). Theorem can
also be interpreted as the robustness of weighted ¢; scheme to the model mismatch. If K1, Ko, p1,ps are
the estimates of an actual nonuniform decomposition for xg (based on which the minimum number of
required measurements have been estimated), then the recovery error can be relatively small if the model

estimation error is slight. Theorem will be proved in Section (.41

5 Derivation of the main results

In this section we provide detailed proofs to the claims of Section @l We mention that, due to space
limitations, and also due to the similarity of some proof techniques to those of [3] [1l [4], we have skipped
proofs of some of the claims or the details of derivation. For completeness, we have provided a complete
version of this paper available online [28]. Let x¢ be a random nonuniformly sparse signal with sparsity
fractions p; and p2 over the index subsets K; and Ky respectively (Definition [2)), and let |K;| = ny and
|K2| = na . Also let K be the support of x. Let E be the event that x is recovered exactly by (B]), and
E€ be its complimentary event. In order to bound the conditional error probability P{E“} we adopt the
idea of [19] to interpret the failure recovery event (E€) in terms of the null space of the measurement

matrix A. This is stated in Theorem [4.I], which we prove here.

Proof of Theorem [{.1]

Suppose the mentioned null space condition holds and define X = argminax—yy ;—; wi|z;|. Let W =

diag(wy,wa, -+ ,wy). If X # x, then by triangular inequality, we have:
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IWx[[1 = [[((WX)r[ls + [(WX) 1 [(Wx* + Wx — Wx)e[l1 + [[(WX) |1,

> [(WxF)reln = [(Wx = Wx) e [1 + [[(Wx = WX )1,
> [[WxTs,

where the last inequality is a result of the fact that X — x* is a nonzero vector in the null space of A and
satisfies the mentioned null space condition. However, by assumption if x # x* then |[Wx||; < [|[Wx*||;.
This is a contradiction, and hence we should have x = x*. Conversely, suppose there is some vector z
in V(A) such that |(Wz)kl|l1 > ||(Wz)%]|1. Taking define x* = (zx 0)7 and X = (0 zz)” implies that
Ax* = Ax and [|[Wx*||; > ||[Wx]|;. Therefore, x* cannot be recovered from the weighted ¢; minimization.

From this point on, we follow closely the steps towards calculating the upper bound on the failure
probability from [4], but with appropriate modifications. The key to our derivations is the following

lemma, the proof of which is skipped and can be found in the online version of this paper [28].

Lemma 5.1. For a certain subset K C {1,2,...,n} with |K| = k, the event that the null-space N(A)

satisfies

D wilz < wilz|, Yz € N(A), (15)

€K ’L'GF

is equivalent to the event that for each x supported on the set K (or a subset of K)

S wilmi+ zl+ Y wilz| = wila], Yz € N(A). (16)

€K ie? e K

5.1 Upper Bound on the Failure Probability

Knowing Lemma [5.I] we are now in a position to derive the probability that condition (I5]) holds for a
support set K with |K| = k, if we randomly choose an i.i.d. Gaussian matrix A. In the case of a random
i.i.d. Gaussian matrix, the distribution of null space of A is right-rotationally invariant, and sampling
from this distribution is equivalent to uniformly sampling a random (n — m)-dimensional subspace Z
from the Grassmann manifold Gr(,_,,)(n). The Grassmann manifold Gr,_,,)(n) is defined as the set
of all (n — m)-dimensional subspaces of R™. We need to upper bound the complementary probability
P =P{E°}, namely the probability that the (random) support set K of x (of random sign pattern) fails
the null space condition ([I6]). We denote the null space of A by Z. Because Z is a linear space, for every
vector z € Z, az is also in Z for all & € R. Therefore, if for a z € Z and x condition (I6) fails, by a
simple re-scaling of the vectors, we may assume without loss of generality that x lies on the surface of

any convex ball that surrounds the origin. Therefore we restrict our attention to those vectors x from
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Figure 4: A weighted £1-ball, Py, in R3 (a), and a linear hyperplane Z passing through a point x in the interior of a one dimensional
face of Pw (b).

the weighted ¢;-sphere: .
{x€R™ [ D wila| =1}
i=1
that are only supported on the set K , or a subset of it. Due to the similarity of the above weighted ¢;
balls in all orthants, we can write:

P =Py _ (17)
where P _ is the probability that for a specific support set K , there exist a k-sparse vector x of a specific
sign pattern which fails the condition (I6]). By symmetry, without loss of generality, we assume the signs
of the elements of x to be non-positive. Now we can focus on deriving the probability Pk _. Since x is
a non-positive k-sparse vector supported on the set K and can be restricted to the weighted ¢;-sphere
{xeR™| 3" | wi|z;| =1}, x is also on a (k — 1)-dimensional face, denoted by F, of the weighted ¢;-ball
Puw:

n
Pw={y €R" | Y wilys| <1} (18)
i=1
The subscript w in Py, is an indication of the weight vector w = (w1, ws, -+ ,w,)’. Figure Eal shows

Pw in R3 for some nontrivial weight vector w. Now the probability Pk _ is equal to the probability that
there exists an x € F, and there exists a z € Z (z # 0) such that

Zwi\xi—l-zi]—i-Zwi]zi] SZwi]xi\ =1 (19)

ieK ieK ieK

We start by studying the case for a specific point x € F and, without loss of generality, we assume x

is in the relative interior of this (k — 1)-dimensional face F. For this particular x on F, the probability,
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denoted by P, that there exists a z € Z (z # 0) such that

D wilwi 2|+ Y wilz] <) wila| = 1. (20)

ieK ieK €K
is essentially the probability that a uniformly chosen (n — m)-dimensional subspace Z shifted by the
point x, namely (Z + x), intersects the weighted ¢1-ball Py, non-trivially, namely, at some other point
besides x (Figure [4h)). From the fact that Z is a linear subspace, the event that (Z + x) intersects Py,
is equivalent to the event that Z intersects nontrivially with the cone Cy(x) obtained by observing the
weighted ¢1-ball Py, from the point x. (Namely, Cy(x) is conic hull of the point set (Py — x) and of
course Cy(x) has the origin of the coordinate system as its apex.) However, as noticed in the geometry
for convex polytopes [14] [15], the cones Cy(x) are identical for any x lying in the relative interior of the
face F. This means that the probability P _ is equal to Py, regardless of the fact that x is only a single
point in the relative interior of the face F. There are some singularities here because x € F may not be
in the relative interior of F, but it turns out that the Cw(x) in this case is only a subset of the cone we
get when x is in the relative interior of F. So we do not lose anything if we restrict x to be in the relative

interior of the face F, namely we have

Pg_ =P

)

Now we only need to determine P,. From its definition, Py is exactly the complementary Grassmann
angle [14] for the face F with respect to the polytope Py, under the Grassmann manifold Gr(;,—,)(n):
a uniformly distributed (n — m)-dimensional subspace Z from the Grassmannian manifold Gr,_,,)(n)
intersecting non-trivially with the cone Cy(x) formed by observing the weighted ¢;-ball Py, from the
relative interior point x € F.

Building on the works by L.A. Santalé [I7] and P. McMullen [I8] in high dimensional geometry
and convex polytopes, the complementary Grassmann angle for the (k — 1)-dimensional face F can be

explicitly expressed as the sum of products of internal angles and external angles [16], [18]:

2xY > B(F,G)(G, Pw), (21)

520 ge%m«k 1+4+2s (PW)

where s is any nonnegative integer, G is any (m + 1 + 2s)-dimensional face of the Py (Spt1+2s(Pw) is
the set of all such faces), 5(-,-) stands for the internal angle and ¢(-,-) stands for the external angle, and

are defined as follows [15] [I8]:

e An internal angle 5(Fi, F2) is the fraction of the hypersphere S covered by the cone obtained by
observing the face F5 from the face Fj. H The internal angle 5(Fi, F2) is defined to be zero when
F1 ¢ F> and is defined to be one if Fy = Fo.

“Note the dimension of the hypersphere S here matches the dimension of the corresponding cone discussed. Also, the
center of the hypersphere is the apex of the corresponding cone. All these defaults also apply to the definition of the external
angles.
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e An external angle ((F3,Fy) is the fraction of the hypersphere S covered by the cone of outward
normals to the hyperplanes supporting the face F4 at the face F3. The external angle ((Fs, Fy) is
defined to be zero when F3 ¢ Fy and is defined to be one if F3 = Fy.

The formula ([2I]) comes from the [I§] based on the nonlinear angle sum of relations for polyhedral
cones. In order to calculate the internal and external angles, it is important to use the symmetrical
properties of the weighted cross-polytope Py,. First of all, Py is nothing but the convex hull of the

following set of 2n vertices in R”

Puw = conv{£ L | 1< i < n} (22)
"

1

where e; 1 < i < n is the standard unit vector in R™ with the ith entry equal to 1. Every (k — 1)-
dimensional face F of Py is simply the convex hull of k£ of the linearly independent vertices of Py .

In that case we say that F is supported on the index set K of the k indices corresponding to the

nonzero coordinates of the vertices of F in R™. More precisely, if F = conv{j; Zfl ) Jo ZZ? oy Jr 2} with
741 K2 lk

w
ji € {—1,+41} V1 < i < k, then F is said to be supported on the set K = {1,492, - ,i}.

5.2 Special Case of u =2

The derivations of the previous section were for a general weight vector w. We now restrict ourselves to
the case of two classes, i.e. u = 2, namely K; and Ko with |K;| = ny and |K3| = ny. For this case, we

may assume that w]s have the following particular form

wr, if 1€ K
Vi € {1’2’... ’n} w; = K / 1 (23)
WK, if i€ Ko

proof of Theorem[.2 The choice of w as in (23]) results in Py, having two classes of geometrically identical
vertices, and many of faces of Py being isomorphic. In fact, two faces F and F' of Py, that are respectively
supported on the sets K and K’ are geometrically isomorphic if | KNKp|=|K'NnK;|and |[KNKs| =
|[K' N Ks[d. In other words the only thing that distinguishes the morphology of the faces of Py is
the proportion of their support sets that is located in K; or Ks. Therefore for two faces F and G
with F supported on K and G supported on L (K C L), 5(F,G) is only a function of the parameters
k1 =|KNKip|, k2 =|KNKs|, ki +t1 = |LNK;| and ka +t; = |K N K3|. So, instead of 5(F,G) we may
write B(k1, ka|t1,t2) to indicate the internal angle between a (k1 + k2 — 1)-dimensional face F of Py, with
k1 vertices supported on Kj and ko vertices supported on Ky, and a (k1 + k2 + t1 + t2 — 1)-dimensional
face G that encompasses F and has t; + k; vertices supported on K; and the remaining to 4+ ko vertices

supported on Kj. Similarly instead of ((G, Pw) we write ((t1 + k1,t2 + k2) to denote the external angle

3This means that there exists a rotation matrix © € R™*™ which is unitary i.e. ©760 = I, and maps F isometrically to
Fie. F'=0OF.
4Remember that K; and K are the same sets as defined in the model description of Section [
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between a face G supported on set L with |L N K| = d; and |L N K3| = dg, and the weighted ¢;-ball Py,.

Using this notation and recalling the formula (2I]) we can write

Pi- = 2) > B(F,G)C(G, Pw)

520 GESym+1+2s (Pw)

n—k ny — k
_ Z 2t1+t2+1< lt1 1>< 2t2 2>ﬁ(k1,k‘2‘t1,t2)<(t1—I—k‘l,tg—i-kg),

0<t1 <ni1—k
0 <ty <ng — k2
t1 +ta + ki +ka—mecE

(24)

where E is the set of positive even integers, and in (24]) we have used the fact that the number of faces G
of Py of dimension ki + ko +t1 4+ to — 1 that encompass F and have ki + 1 vertices supported on K7 and
its remaining ks + t9 are vertices supported on Ky is 20172 ("1;1]“) ("Qtj@). In fact G has k; + ko +t1 + to
vertices including the ki + ko vertices of F. The remaining t; + to vertices can each be independently
in the positive or negative orthant, therefore resulting in the term 27?2, The two other combinatorial
terms are the number of ways one can choose t; vertices supported on the set Ky — K and to vertices

supported on Ko — K. From (24]) and (7)) we can conclude theorem ]

In the following sub-sections we will derive the internal and external angles for a face F, and a face
G containing F, and will provide closed form upper bounds for them. We combine the terms together
and compute the exponents using the Laplace method in Section [£.2.2] and derive thresholds for the

negativity of the cumulative exponent.

5.2.1 Computation of Internal and External Angles

Theorem 5.1. Let Z be a random variable defined as

t1 to
7 = (kiw, + kawie,) X1 — wh, Y X7 —wik, > X7,
i=1 i=1
where Xy ~ N(O’m) is a normal distributed random variable, X! ~ HN(O,ﬁ) 1<

i < t; and X! ~ HN(O,#) 1 < i < ty are independent (from each other and from Xi) half
Ka
normal distributed random variables. Let pz(-) denote the probability distribution function of Z and

Cco = y@ ((k‘l + tl)w%ﬁ + (kg + tQ)U)%(Q)l/Q. Then
B(k1, kalt1,t2) = copz(0) (25)

Theorem 5.2. The external angle ((G, Pw) = ((d1,d2) between the face G and Py, , where G is supported
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on the set L with |L N K| = dy and |L N K| = dy is given by:

n—l+1 l > 2 E?il}f}d; 2 " 5&?&2) 2 7’2
C(dy,dy) =7 2 2”_/0 e’ /0 e YV dy /0 e Y dy dz, (26)

Where €2(dy,ds) = Y el w? = dlw%(1 + dgw%(Q, r1r=mn1 —di and ro = ng — ds.

The detailed proofs of these theorems which are generalizations of similar Theorems in [4] are given

in the online version of this paper [2§].

5.2.2 Derivation of the Critical Weak and Strong J. Threshold

So far we have proved that the probability of the failure event is bounded by the formula

—k —k
P{Ec} < Z otitta+l (nl . 1) <n2t Q)B(kla kg|ﬁ1,t2)<(tl + ki,ts + kg), (27)
0<t1 <ni—ki ! 2
0<1ty <ng— ko

ty 4ty >m—ky —ko+1

where we gave expressions for (1, ta|k1, ko) and ((t1 + ki, t2, k2) in Section (2Tl Now our objective is
to show that the R.H.S of ([27)) will exponentially decay to 0 as n — oo, provided that § = * is greater
than a critical threshold d., which we are trying to evaluate. To this end we bound the exponents of the
combinatorial, internal angle and external angle terms in (27), and find the values of § for which the net
exponent is strictly negative. The maximum such ¢ will give us .. Starting with the combinatorial term,

we use Stirling approximating on the binomial coefficients to achieve the following as n — oo and € — 0

1 ny—ki\ (n2 —k - -
21 2t1+t2+1(1 1)(2 2)>_>( 1 —p)H Ly (1 — ) H > L )1 )
n og( ‘) ts (1 =p1) (%(1_}71)) Y2(1 = p2) (772(1_]32)) 1+ T2 o(g |

28

where 7 = % and 7 = %2

For the external angle and internal angle terms we prove the following two exponents

1. Let g(x) = %e‘xg, G(z) = %fo e ¥’ dy. Also define ¢ = (1 + yp1) + w?(r2 + Y2p2), a1 =

71 (1 —p1) — 1 and ay = y2(1 — p2) — 7. Let zy be the unique solution to x of the following:

g(z)or  wg(wr)as

2e - xG(x) 2G(wr) =0
Define
Vewt (11, T2) = cxd — a1 log G(z0) — as log G(wxo) (29)
2. Let b = % and ¢(.) and ®(.) be the standard Gaussian pdf and cdf functions respectively.
Also let ' = v1p1 +w?yops and Q(s) = (712;_’;()2(8) + (Tflif)(gas). Define the function M(s) = —ﬁ
and solve for s in M(s) = %. Let the unique solution be s* and set y = s*(b — M(ls*))'

T1

Compute the rate function A*(y) = sy — —F-A1(s) —

T2
T1+72

Aj(ws) at the point s = s*, where
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A (s) = % + log(2®(s)). The internal angle exponent is then given by:

712;/72 y? +log 2)(m + 72). (30)

Vint(T1,72) = (A" (y) +
We now state the following lemmas, the proof techniques of which are very similar to similar arguments
in [3, [1]. The details of the proof can be found in the online version of this paper [28].

Lemma 5.2. Fiz §, e > 0. There exists a finite number ng(d,€) such that

1
5 10g(((t1 + k1, to + k‘Q)) < _¢ext(7—17 TQ) + €, (31)

uniformly in 0 <t; <nj —ky, 0<ty<ng—ky andt; +to >m—ki —ka+1, n>ng(de).

Lemma 5.3. Fiz §, e > 0. There exists a finite number ny(0,€) such that

%bg(ﬁ(h,h!kh@)) < —Yint (11, T2) + €, (32)

uniformly in 0 <t; <mnj —ky, 0 <ty <ng—ky andty +to >m—Fk; —ka+1, n>ny(d,¢).

Combining Lemmas and 5.3 (28], and the bound in (27]) we readily get the critical bound for 6,
as in the Theorem [£3l

Derivation of the strong and sectional threshold can be easily done using union bounds to account
for all possible support sets and/or all sign patterns. The corresponding upper bound on the failure

probability for the strong threshold is given by:

()

It then follows that the strong threshold of ¢ is given by 6. in Theorem [£3] except that the combinatorial

exponent Yeom (-, ) must be corrected by adding a term

(vip1 + v2p2 +v1H (p1) + v2H (p2)) log 2, (34)

to the RHS of ([@). Similarly, for the sectional threshold, which deals with all possible support sets but

almost all sign patterns, the modification in the combinatorial exponent term is as follows:

(v1H (p1) + v2H (p2)) log 2. (35)

5.3 Generalizations

Except for some subtlety in the large deviation calculations, the generalization of the results of the
previous section to an arbitrary u > 2 classes of entries is straightforward. Consider a nonuniform sparse

model with u classes K7, -+, K, where |K;| = n; = y;n, and the sparsity fraction over the set K; is p;,

19



and a recovery scheme based on weighted ¢; minimization with weight w; for the set K;. The bound in
(1) is general and can always be used. Due to isomorphism, the internal and external angles S(F, Q)
and ((G, Pw) only depend on the number of vertices that the supports of F and G have in common with

each K. Therefore, a generalization to (&) would be:

SE R DI e R L] (36)
0<t<n-k ’
1T >m—1Tk+1

where t = (t1,...,t,)", k = (k1,...,k,)T and 1 is a vector of all ones. Invoking generalized forms of

Theorems [5.2 and 511 to approximate the terms S(k|t) and {(k +t), we conclude the following Theorem.

Theorem 5.3. Consider a nonuniform sparse model with u classes Ki,...,K, with |K;| = n; =
vyin, and sparsity fractions pi,p2,-..,Pu, where n is the signal dimension. Also, let the functions
9(.),G(),¥(.),¥(.) be as defined in Theorem [[.3. For positive values {w;}i ,, the recovery thresholds

(weak, sectional and strong) of the weighted ¢1 minimization program:

u
I{I)lci:nyzlwillxki\ha
1=

1s given by the following expression:

6(: = min{5 | ¢com(7—) - Q;Z)int(T) - ¢ext(7—) <0Vr= (Tl’ e ’TU)T :

u u
0<7<y(l—p)VI<i<u, » 7>5—Y wip}
i=1 i=1

where Yeom, Yint and Yezr are obtained from the following expressions:

1. Yeom(T) =log2> 7" vi(1— pl)H(ﬁ) + 7, for the weak threshold. For sectional threshold this
must be modified by adding a term log2y ;" | ~vH(p;). For strong threshold, it must be also added

’U}Zth Z?:l YiPs -

2. Vet (T) = cat — Yo ailog G(wizg), where ¢ =Y 1, w?(n +vipi), a; = vi(1 —p;) — 7 and xq is

the unique solution of 2¢ = Y1, wi%,

3. Vit (1) = A(A* (y)—l—#i?%m—l—log 2), where X =Y ' | 7, and y and A*(y) are obtained as follows.
2

u 2. . w iDi
Let b = %, Qs) =Y, i\lg((j)) Let s* be the solution to s in —@ =b+ M, and

*2
y=s"(b— ]\?[(15*))' Then A*(y) = s*y —1/AY ™ (w?; + 10g(2<1>(wi5*))> .

5.4 Robustness

Proof of Theorem [.3. We first state the following lemma, which is very similar to Theorem 2 of [4]. We
skip its proof for brevity.
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Lemma 5.4. Let K C {1,2---,n} and the weight vector w = (wy,wa,---,w,)? be fized. Define

W = diag(wy,ws, - ,wy,) and suppose C > 1 is given. For every vector xo € R™ ! the solution X of
(3) satisfies
C+1
IW(xo =)l < 25— > wil(wo)s (37)
zEK

if and only if for every z € N'(A) the following holds:

CY wilz] < wilzl. (38)

€K i€eK
Let z = (21, ,2,)T be a vector in the null space of A, and assume that
Y wilal= Y wilal (39)
i€L1UL> iGL_lﬂL_Q

Let K¢, and K, be the solutions of the following problems

Ko _max > wilzil, (40
Kel CK10L17‘K€1|:€171171”Z‘€K5
1

K, - max Z w;|zi]. (41)

Key CKaNLa,|Key|=€272p2n ieK.,

Let L} = Ly UK., and L}, = Ly U K,,. From the definition of K., and K.,, it follows that

€1p1
> wilz > s > wilail, (42)

€K €L NK;

€22
dowilyl = g X wilal (43)
JEK, JELLNK>

Adding C’ (ZieKel wi|zi| + Zj€K€2 wj\zj\) to both sides of ([B9) and using ([@2]) and ([43), we can write:

€101 €2P2
C" Y wilal = Y wiln[+C | —— Y wilal+ > will (44)
. ’ ’ L — = 1_p1— 1_p2_
teLyjUL) 1€L1NLa ieLiNKy ieLiNKa
’ €1P1 €2P2
> (14 @+ Duin 2 ) S ) (45)
ieLiNL}

. S
Note that [L}| = yipin and |Lj| = yopan. Therefore, since 6 = 7 > 5 )('yl,'yg,pl,pg,w), we know that
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Y ic L, wi|z| <Y, SR w;|z|. From this and ({45 we conclude that

C/>(1+ C' 4+ 1) min(2PL 2P > 46
> ( Jmin(y— ) (46)

or equivalentl
4 Y 1 + HllIl( €1P1 €2P2 )
o > 1—p1’ 1—p2
= 1 _ i (€1P1 €2p2 N
1 —min(£5, $2£2)

(47)

Using Lemma [5.4] and the above inequality, we conclude (I4). =

6 Approximate Support Recovery and Reweighted ¢,

So far, we have considered the case where some prior information about the support of the sparse signal
is available. When no such information exists, we ask if there is a polynomial time algorithm that
outperforms ¢; minimization? Using the analytical tools of this paper, it is possible to prove that a
class of reweighted ¢ minimization algorithms, with complexity only twice as ¢; minimization, have
a strictly higher recovery thresholds for sparse signals whose nonzero entries follow certain classes of
distributions (e.g. Gaussian). The technical details of this claim are not brought here, since they stand
beyond the scope of this paper. However, we briefly mention the algorithm and provide insight into
its functionality. The proposed reweighted ¢; recovery algorithm (studied in more details in [I3]) is
composed of two steps. In the first step a standard ¢; minimization is done, and based on the output,
a set of entries where the signal is likely to reside (the so-called approximate support) is identified. The
unknown signal can thus be thought of as two classes, one with a relatively high fraction of nonzero
entries, and one with a small fraction. The second step is a weighted ¢; minimization step where entries
outside the approximate support set are penalized with a constant weight larger than 1. Although no prior
information is available at the beginning, the post processing on the output of ¢; minimization results
in an approximate support inference, which is similar to the nonuniform sparsity model we introduced
in this paper. A more comprehensive study on this can be found in [I3]. The algorithm is described as

follows:
Algorithm 1.

1. Solve the {1 minimization problem.:

X = argmin ||z]|; subject to Az = Ax. (48)

2. Obtain an approximation for the support set of x: find the index set L C {1,2,...,n} which corre-

sponds to the largest k elements of X in magnitude.

3. Solve the following weighted ¢1 minimization problem and declare the solution as output:
x* = argmin ||zp |1 + w||z7|1 subject to Az = Ax. (49)
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(a) v1 =72 = 0.5, p1 = 0.4 and p2 = 0.05. (b) 71 =2 = 0.5, p1 = 0.65 and p2 = 0.1.

Figure 9: Empirical recovery percentage of weighed ¢1 minimization for different weight values w, and different number of measure-

ments § = 7% and n = 200. Signals have been selected from a nonuniform sparse models. White indicates perfect recovery..

In general, for Algorithm [T & is chosen based on the signal model in different applications. A general

guideline is to choose k such that the k£ positions chosen intersect greatly with the support set of the signal

vector. In other words, if K is the support set of x, then |Lﬁ(| is close to 1. In this way, the k positions

chosen will correspond to a block in the weighted basis pursuit algorithm considered in this paper, where
a higher portion of this block will correspond to the signal support. So we have extracted some support
prior information from the first iteration, even though we did not have any prior information on the
support of the signal at the beginning. When we do the next iteration of decoding, we can use this
information to improve the decoding result. The analytical tools we developed in this paper for studying
the weighted ¢; minimization in the presence of prior information help analyze the performance of the
last stage of Algorithm [II More details can be found in [13].

Other variations of reweighted ¢; minimization are given in the literature. For example the algorithm
in [12] assigns a different weight to every entry of the signal based on the inverse absolute values of the
entries of /1 approximation, X. To the best of our knowledge, there is no theoretical justification for strict
threshold improvement in the approach of [I2], or any similar proposed algorithm. However, we have
been able to show that the proposed iterative reweighted algorithm will provably improve the recovery

thresholdH for certain types of signals even when no prior information is available [13].

7 Simulation Results

We demonstrate by some examples that appropriate weights can boost the recovery percentage. In Figure

we have shown the empirical recovery threshold of weighted ¢; minimization for different values of the

SHere, by recovery threshold we mean the maximum number of nonzero entries of a random sparse signal that can be
b
recovered by ¢; minimization for a fixed number of measurements.
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Figure 6: Empirical probability of successful recovery for weighted ¢; minimization with different weights (unitary weight for the first
subclass and w for the other one) and suboptimal weights in a nonuniform sparse setting. p2 = 0.05, y1 = v2 = 0.5 and m = 0.5n = 100.

w* is (b) is the optimum value of w for each p; among the values shown in (a).
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Figure 7: Empirical probability of successful recovery for different weights. ps = 0.1,y = 72 = 0.5 and m = 0.75n = 150.

wzl, for two particular nonuniform sparse models. Note that the empirical threshold is
2

somewhat identifiable with naked eye, and is very similar to the theoretical curve of Figure 2] for similar

weight w =

settings. In another experiment, we fix ps and n = 2m = 200, and try ¢; and weighted ¢; minimization
for various values of p;. We choose ny = ny = 5. Figure[6al shows one such comparison for ps = 0.05 and
different values of wg,. Note that the optimal value of wg, varies as p; changes. Figure [6D] illustrates
how the optimal weighted ¢; minimization surpasses the ordinary ¢; minimization. The optimal curve is
basically achieved by selecting the best weight of Figure [Gal for each single value of p1. Figure [[ shows the
result of simulations in another setting where p, = 0.1 and m = 0.75n (similar to the setting of Section
). Note that these results very well match the theoretical results of Figures 2al and 2l

Another nonuniform model with v; = 0.25, 79 = 0.75 was considered for simulations. We fixed
0 = 0.45, and the overall sparsity fraction y1p; + vops = 0.3. For random vectors of size n = 200, the
probability of successful recovery as a function of the sparsity of the second subclass, i.e. ps, for various
weights w was obtained, and is depicted in Figure Bl As displayed, although ¢; minimization fails in all
of the cases to recover the sparse vectors, various weighted ¢; approaches have higher chances of success,

especially when the first subclass is very dense and a high weight is used ( p1 ~ 1, w >> 1).
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In Figure [@, we have displayed the performance of weighted ¢; minimization in the presence of noise.
The original signal is a nonuniformly sparse vector with sparsity fractions p; = 0.4,p2 = 0.05 over
two subclasses 71 = v9 = 0.5, with n = 200. However, a white Gaussian noise vector is added before
compression, i.e. y = Ax + v, where v (0, is an i.i.d. Gaussian vector. Figure [0 shows a scatter

plot of all output signal to recovery error ratios as a function of the input SNR, for all simulations.

The input SNR in dB is defined as 10log;, I3 and output signal to error recovery in dB is defined

[Ivi3”

as 10log; % The facts that the signal to recovery error does not drop drastically in small SNR
regimes, and is mostly concentrated around the average values indicate the robustness of the weighted
(1 algorithm in the presence of a moderate level noise. In Figure 10 the average curves are compared
together for different values of weight w. We can see that in the high input SNR regime, a non-unit
weight w = 3 is advantageous over the regular ; minimization. However, for stronger noise variances, ¢1
minimization seems to be more robust and yields better performance.

We have done some experiments with regular ¢; and weighted ¢; minimization recovery on some real
world data. We have chosen a pair of satellite images (Figure [[1]) taken in two different years, 1989
(left) and 2000 (right), from the New Britain rainforest in Papua New Guinea. Image originally belongs
to Royal Society for the Protection of Birds and was taken from the Guardian archive, an article on
deforestation. These images are generally recorded to evaluate environmental effects such as deforestation.
The difference of images taken at different times is generally not very significant, and thus can be thought
of as compressible. In addition, the difference is usually more substantial over certain areas, e.g. forests.
Therefore, it can be cast in a nonuniform sparse model. We have applied ¢; minimization to recover
the difference image over the subframe (subset of the original images), identified by the red rectangles
in Figure [Il In addition, recovery by weighted ¢; minimization was also implemented. To assign
weights, we divided the pixels of each frame into two classes of equal sizes, where the concentration of
the forestal area is larger over one of the classes, and hence the difference image is less sparse. This
class is identified by the union of two rectangles with green frames on the left and bottom right of the

image. The justification for such a decomposition is the concentration of green area. In other words, with
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F igure 9: Signal to recovery error ratio for weighted #; minimization with weight w vs. input SNR for nonuniform sparse signals

with v1 = y2 = 0.5, p1 = 0.4, p2 = 0.05 superimposed with Gaussian noise.

the knowledge of the fact that the environmental changes are more apparent over forests in large scale,
the difference image is expected to be denser over those regions. We also implemented the reweighted ¢;
minimization of Algorithm I with &£ = 0.1n (n being the total number of frame pixels), which assumed no
prior knowledge about the structural sparsity of the signal. This value of k was chosen heuristically, and
is close to the actual support size of the signal. The original size of the image is 275 x 227. We reduced
the resolution by roughly a factor of 0.05 for more tractability of ¢; solver in MATLAB. In addition, only
the gray scale version of the difference image was taken into account, and was normalized so that the
maximum intensity is 1. Furthermore, prior to compression, the difference image was further sparsified
by rounding the intensities less than 0.1 to zero. We pick the weight value w = 2 for both the weighted
£1 and the reweighted ¢; recovery. We define the normalized recovery error to be the sum square of the
intensity differences in the recovered and the original image, divided by the sum square of the original
image intensity, i.e. >, pame(Li — )2/ > ictrame IZ2- The average normalized error for different recovery
methods, namely £1, weighted ¢; and reweighted ¢; minimization, is displayed in Figure[13al as a function
of §. The average is taken over 50 realizations of i.i.d. Gaussian measurement matrices for each J. As
can be seen, the recovery improvement is significant in the weighted ¢; minimization. The reweighted ¢
algorithm is superior to the regular ¢; algorithm, but is worse than the weighted ¢; method, which is due
to the availability of support prior information and the proper choice of the subclasses in the weighted

£1 algorithms.
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Figure 10: Average signal to recovery error ratio for weighted £; minimization with weight w vs. input SNR for nonuniform sparse

signals with 3 = 2 = 0.5, p1 = 0.4, p2 = 0.05 superimposed with Gaussian noise.

Figure 11: Satellite images taken from the New Britain rainforest in Papua Guina at 1989 (left) and 2000 (right). Red boxes
identify the subframe used for the experiment, and green boxes identify the regions with higher associated weight in the weighted ¢
recovery. Image originally belongs to Royal Society for the Protection of Birds and was taken from the Guardian archive, an article on
deforestation http://www.guardian.co.uk/environment/2008/jan/09/endangeredspecies.endangeredhabitats,

Another experiment was done on a pair of brain fMRI images taken at two different instances of
time, shown in Figure Similar to the satellite images, the objective is recover the difference image
from a set of compressed measurements. The significant portion of the difference image in fMRI lies
on the regions where the brain is identified as most active. Depending on the particular task that the
patient undertakes, these regions can be (roughly) known a priori. The original image size is 271 x 271,
and similar preprocessing steps as for the satellite images were done before compression. We used /¢
minimization and weighted ¢; minimization with a higher weight w = 1.3 on the regions identified by the
green boxes. This choice of w resulted in a slightly better performance in weighted ¢; algorithm than
w = 2. We also tried algorithm [ with no presumed prior information, with & = 0.1n and w = 1.3.
The average normalized recovery errors are displayed in Figure [[3bl from which we can infer similar

conclusions as in the case of satellite images.

8 Conclusion and Future Work

We analyzed the performance of the weighted ¢; minimization for nonuniform sparse models. We com-
puted explicitly the phase transition curves for the weighted ¢; minimization, and showed that with
proper weighting, the recovery threshold for weighted ¢; minimization can be higher than that of regular

£1 minimization. We provided simulation results to verify this both in the noiseless and noisy situation.
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F igure 12: Functional MRI images of the brain at two different instances illustrating the brain activity. Green
boxes identify the region with higher associated weight in the weighted #¢; recovery. Image is adopted from
https://sites.google.com/site/psychopharmacology2010/student-wiki-for-quiz-9.
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Figure 13: Average normalized recovery error for £1, weighted £; and reweighted £; minimization recovery of the difference between
the subframes of (a) a pair of satellite images shown in Figure [[T] and (b) the pair of brain fMRI images shown in Figure[I2} Data is
averaged over different realizations of measurement matrices for each §.

Some of our simulations were performed on real world data of satellite images, where the nonuniform
sparse model is a valid assumption. Future work shall address generalizing the results of this paper to
other measurement matrices with different distributions than i.i.d Gaussian. In particular, by using a
similar idea as [26], one might be able to assert that a for class of distributions of measurement matrices
including random Fourier ensembles, random Bernoulli, etc. similar sharp thresholds can be obtained
for the weighted ¢; minimization. A further interesting research topic to be addressed in future work
would be to characterize the gain in recovery percentage as a function of the number of distinguishable
classes u in the nonuniform model. In addition, we have used the results of this paper to build iterative
reweighted ¢; minimization algorithms that are provably strictly better than ¢; minimization, when the
nonzero entries of the sparse signals are known to come from certain distributions (in particular Gaussian
distributions) [I3}, 2I]. The basic idea there is that a simple post processing procedure on the output
of /1 minimization results, with high probability, in a hypothetical nonuniform sparsity model for the

unknown signal, which can be exploited for improved recovery.
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A Proof of Theorem 4.4

Let 0" = 0¢(71,72, 1, p2,w) and §” = 6.(0,1,0,pa, 1). From Theorem [£3] we know that:
o = min{d | ¥}y, (0,72) — 15 (0, 72) — 1y (0,72) <OV 0 < 1o <y9(1l —p2), 72 > 0 — 71 — Y2pa},
Y2 min{d | Yoon (0,7272) — ¥ine(0,7272) = Y (0,7272) <OV O < 7 < 1—po
s T2 >0 — pa} + 1, (50)

8" = min{d | Y2 . (0,72) — ¥ (0,72) — YL (0,72) <OVO< 19 <1—po,79>0—pa}, (51)

1

tat Voo Ui, and Y., can be found using Theorem A3l From the

where the exponents ., Y%, .
definition of Yo, in (@) it immediately follows that 1.,,,(0,v272) = Y2/, (0,72) . From (@), for w — oo
we know that ¢,,(0,72m) = dz)? — oy log G(wap), and ¢, (0,72) = "z* — a4 log G(xf}). Following
the details of derivations as in Theorem E3] we realize that: ¢ = yaw?c”, waf, = zf), oy = y2a},, which
implies ¥},,(0,7272) = 21/,;(0,72). Finally, from (), we know that ¢,,(0,72m2) = (A*(y') + Z3Zy? +

log 2)y272, ¥}, (0,72) = (A*(y") + 527y 4 log 2)75. Following the details of derivations as in Theorem

M3l we realize that if w — oo, then ¢/ = y”, Q' = 1%Q”, which implies that ¢}, ,(0,v272) = Y2t} (0, 72).
From (B0), (5I) and the above conclusions, it follows that §" = 98" 4+ 1.
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