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Classical Mechanics

Lagrange' s Equations

Generalized Forces
aw = > @, dg, .
a=1
N

or,
d, = E F,- 5 (called the generalized force)

@
v=1

Lagrange' s Equations for Holonomic Systems

d ( orT ) oT ®
dt\dg, ) 0dq,
General Systems
d (0L oL . . . . .
i e ®, (here the generalized forces associated with the non — conservative forces in the system),
4q, 9o
L =T — V (called the Lagrangian)
Generalized Momenta
orT L . .
Po = m—— = —— (if the system is conservative)
04, 94,

Lagrange' s Equations for Non — Holonomic Systems
Suppose we have m < n equations of constraint that are non — integrable (i.e. non — holonomic) :

Z A, dg, + Adt =0, Z B, dq, + Bdt =0, ... (or anequivalent expression)

Then we have for either non — holonomic or holonomic constraints :
d (0T oT
E(E.(Z)_ EZ =, +A A, +A, B, + ...
If the forces are conservative then in terms of the Lagrangian we have :
d ( oL ) oL

S o N A+, B+
dt \ dq, 0qq : :

Hamiltonian Theory

The Principle of Virtual Work. A system of particles is in equilibrium iff
N

D@ 6t =0.

v=1

D' Alembert' s Principle. A system of particles moves in such a way that the total virtual work

N
>FO - p,)-6r, =0.

v=1
The Hamiltonian

H(p,, qo,1) = an q,—L

a=1
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Hamilton' s Equations

. 0H
Po =~ PR
. 0H
Go = o
Calculus of Variations
For the integral

b
f F(x,y,y)dx,

to be an extremum, it is a necessary condition that
d (0F OF . .
% (5")}—,) - 6_y = 0 (called Euler's equatlon).

Central Forces

F = f(r) 7 (called a central force)

Properties

(i) r-h =0(.e. particle moves in a plane)
i

(ll) W =0

(iii) r* # = 2 A (law of areas)

Relating Orbits and Forces

d*u a 1 i _q
W+u__m (/M),M— /r

Motion in an Inverse Square Field

If the law of central force is an inverse square law of attraction, then the path of the particle is a conic :
(i) E < 0= cellipse

(ii) E = 0= parabola

(iii) £ > 0= hyperbola

Moving Coordinate Systems

Derivative Operators
DF = DM + wXx

Acceleration in a Moving System

D%r:D,z\,, r+ (Dy w)xr + 2wxDyr + WX (WXr)

linear acceleration ~ Coriolis acceleration  centripetal acceleration(=—centrifugal force)

Space Motion of Rigid Bodies
I=Zmr20r1=fr2d/m

1
K* = i (radius of gyration)
I = I, + Mb? (Parallel Axis Theorem)
I, = I, + I, (Perpendicular Axes Theorem)
Kinetic Energy of Rotation

1 1
T=3 L= 73 W+ Ly 0,7 + L, 0, + 2Ly 0y wy + 21 0 w, + 21, 0y w,)
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Rigid Body with One Point Fixed

Vy = WXF,
L= va(rv xV,)
The Inertia Tensor
Moment of Inertia Tensor
Ixx Ixy Ixz
I=|lx Ly Iy
sz Izy Izz
Angular Momentum

L=1Iw

Moments and Products of Inertia
2 2

IXX = mV (yV + ZV )
2 2

Iyy =m, (xv + 2y )

L, = m(x,2 +y2)

Ly =1 =-m,x, Yy,
Iyz = Izy =—ny Yy 3y
Lx =L, =-my x, 2,

Principal Axes of Inertia
Principal Moments of Inertia

IXX - I IXY Ixz
Iyx Iyy -1 Iyz =0
IZX IZY Izz -1

Angular Momentum
Li = Ii W

Kinetic Energy
T= b=t o
=5 D=5 "w’)

Ellipsoid of Inertia

I=1, =m(r;xn)* =L, cos’> @+ Iy, cos’ B+1, cos’ v + 21,y cosacosf + 2 I, cosacosy + 2 I, cosfcosy,
n = (cosa, cosf, cosy)

Lk pxz + Iyy pyz +1, pzz + 2Ixy Px Py + 2Iyz Py Pz + 21 Pz Px = 1,

p=n/VI,

The Euler Angles

Angular Velocity

(usingw = wy k+wy I' + wy K')
wy = w; = ¢sinbsiny +  sinyr
wy = w, = $sinfeosy — § sing

wy = w3 =Pcostd+

Equations of Motion

Lo+ (5 -L)w,ws =74
Ly +() —L)ws w, =7y
Loy + (L —1)w, wy =73
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Small Oscillations about Positions of Equilibrium

Approximate Expressions for T, P, V

1
T= 5 dn q, 4,

— —+
dq. 0q,  0q, Oq

a zm(éx_‘éx_‘+ayl a)’1)_”/”(5162 0x, Oy 6yz)
"N ag, 9q " dq, aq )T

1
P=-=0byq. q,
) 14, q1
by = ag(my =by, my =by)
1
V= 5 Ci qr 41,

(5032
Cqn =
! dq, 0q: ),

Differential Equations of Motion

angi+ _bugi +  cuq +an gy +bogtcn gptansgs+bizgstcizg =0
viscous forces conservative forces

ay1 Gy + by Gy +Co1 q1 +axy Gy + by Go + 0 Gr 23 G + Doz Gz + 3 g3 =0

az1 §1 +b31 g +c31 gL +an gy + by g+ 30 gy +az3 Gz + bz gz + 3393 =0

Solutions of the Equations of Motion : Conservative Forces Only
q1 = Acos(wt + @), g2 = Beos(wt + ¢), g3 = Ccos(wt + @),
A=cidy, By =c;dy, Cy =c dy,
dre = (=1)""¢ My (called the cofactor)
an w*—cy ap W' —cp ap W —cp
D=|ayw?—cy anw?—cpn anw’ —cy |=0

2 2 2
asz) W™ —C31 43 W” —C3 a3z W —C33



