
ClassicalMechanics

Lagrange' sEquations
GeneralizedForces
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Hcalled the generalized forceL

Lagrange' sEquations forHolonomic Systems
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= Fa Hhere the generalized forces associatedwith the non - conservative forces in the systemL,
L = T - V Hcalled theLagrangianL

GeneralizedMomenta
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 Hif the system is conservativeL

Lagrange' sEquations for Non-Holonomic Systems
Suppose we havem < n equations of constraint that are non - integrable Hi.e. non - holonomicL :

‚
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Ba  dqa +Bdt = 0, … Hor an equivalent expressionL

Thenwe have for either non - holonomic or holonomic constraints :
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If the forces are conservative then in terms of the Lagrangian wehave :
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HamiltonianTheory
ThePrinciple of VirtualWork. A system of particles is in equilibrium iff

‚
v=1

N

Fv
HaL ÿ drv = 0.

D ' Alembert' sPrinciple. A system of particlesmoves in such away that the total virtual work

‚
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 HFv
HaL - pv

† L ÿ drv = 0.

TheHamiltonian
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pa  q° a - L
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Hamilton' sEquations
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Calculus of Variations
For the integral

‡
a

b

FHx, y, y£ L „ x,

to be an extremum, it is a necessary condition that
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∂y = 0 HcalledEuler' s equationL.

Central Forces
F =  HrL r̀ Hcalled a central forceL

Properties
HiL  r ÿh = 0 Hi.e. particlemoves in a planeL
HiiL „ L

ÅÅÅÅÅÅÅÅÅÅÅ
„ t = 0

HiiiL r2  q
°

= 2 A
° Hlaw of areasL

Relating Orbits and Forces
„2 u
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
„ q2

+ u = -
1
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mh2  u2

 H1 ê uL, u = 1 ê r

Motion in an Inverse Square Field
If the law of central force is an inverse square law of attraction, then the path of the particle is a conic :

HiL E < 0ïellipse
HiiL E = 0ïparabola
HiiiL E > 0ïhyperbola

MovingCoordinate Systems
DerivativeOperators
DF = DM + w ä

Acceleration in aMoving System
DF
2  r = DM

2  r + HDM  wLär´̈ ¨¨¨¨¨¨¨̈¨̈ ¨̈ ­ Æ¨¨¨¨¨¨¨¨̈¨̈
linear acceleration

+ 2 w äDM  r´̈ ¨¨¨¨¨¨¨̈¨¨¨̈ ¨̈­ Æ¨¨¨¨¨¨¨¨̈¨̈ ¨̈
Coriolis acceleration

+ wä Hw ärL´̈ ¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨̈¨¨¨̈ ¨̈ ¨̈­ Æ¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨̈¨¨¨̈ ¨̈
centripetal accelerationH=-centrifugal forceL

SpaceMotion of Rigid Bodies
I = ‚mr2 or I = ‡ r2  „ m

K2 =
I

ÅÅÅÅÅÅÅÅM Hradius of gyrationL
I = Ic +Mb2 HParallel Axis TheoremL
Iz = Ix + Iy HPerpendicularAxes TheoremL

Kinetic Energy of Rotation

T =
1
ÅÅÅÅÅ2  Hw ÿ LL =

1
ÅÅÅÅÅ2  HIxx  wx

2 + Iyy  wy
2 + Izz  wz

2 + 2 Ixy  wx  wy + 2 Ixz  wx  wz + 2 Iyz  wy  wz L
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Rigid Body with One Point Fixed
vv = wärv

L = ‚mv Hrv ävv L

The Inertia Tensor
Moment of Inertia Tensor

I ª
i

k

jjjjjjjjj

Ixx
Iyx
Izx

Ixy Ixz
Iyy Iyz
Izy Izz

y

{
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Angular Momentum
L = Iw

Moments and Products of Inertia
Ixx = mv Hyv

2 + zv
2 L

Iyy = mv Hxv
2 + zv

2 L
Izz = mv Hxv

2 + yv
2 L

Ixy = Iyx = -mv  xv  yv

Iyz = Izy = -mv  yv  zv

Izx = Ixz = -mv  xv  zv

Principal Axes of Inertia
Principal Moments of Inertia
ƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒ

Ixx - I Ixy Ixz
Iyx Iyy - I Iyz
Izx Izy Izz - I

ƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒ
= 0

Angular Momentum
Li = Ii  wi

Kinetic Energy

T =
1
ÅÅÅÅÅ2  Hw ÿ LL =

1
ÅÅÅÅÅ2  HIi  wi

2 L

Ellipsoid of Inertia
I = In = mi Hri änL2 = Ixx  cos2  a + Iyy  cos2  b + Izz  cos2  g + 2 Ixy  cosacosb + 2 Ixz  cosacosg + 2 Iyz  cosbcosg,

n = Hcosa, cosb, cosgL
Ixx  rx

2 + Iyy  ry
2 + Izz  rz

2 + 2 Ixy  rx  ry + 2 Iyz  ry  rz + 2 Izx  rz  rx = 1,
r = n ëè!!!!!In

The Euler Angles
Angular Velocity
Husingw = wf  k + wq  I £ + wy  K£ L
wx£ = w1 = f

°
 sinqsiny + q

°
 siny

wy£ = w2 = f
°
 sinqcosy - q

°
 siny

wz£ = w3 = f
°
 cosq + y

°

Equations of Motion
I1  w°

1 + HI3 - I2 L w2  w3 = t1
I2  w2

° + HI1 - I3 L w3  w1 = t2
I3  w3

° + HI2 - I1 L w1  w2 = t3
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Small Oscillations about Positions of Equilibrium
Approximate Expressions for T , P, V
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y
{
zzz
0

Differential Equations of Motion
a11  q1– + b11  q1°´̈ ¨¨¨̈ ¨¨¨̈¨­ Æ¨¨¨¨̈ ¨̈ ¨

viscous forces

+ c11  q1´̈ ¨¨¨¨¨¨¨̈¨¨¨̈¨­ Æ¨¨¨¨¨¨¨¨̈¨̈ ¨
conservative forces

+ a12  q2– + b12  q2° + c12  q2 + a13  q3– + b13  q3° + c13  q3 = 0

a21  q1– + b21  q1° + c21  q1 + a22  q2– + b22  q2° + c22  q2 + a23  q3– + b23  q3° + c23  q3 = 0
a31  q1– + b31  q1° + c31  q1 + a32  q2– + b32  q2° + c32  q2 + a33  q3– + b33  q3° + c33  q3 = 0

Solutions of the Equations of Motion : Conservative Forces Only
q1 = AcosHwt + fL, q2 = BcosHwt + fL, q3 = CcosHwt + fL,
A = c1  d11 , B1 = c1  d21 , C1 = c1  d31 ,

drc = H-1Lr+c  Mrc Hcalled the cofactorL

D =

ƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒ

a11  w2 - c11 a12  w2 - c12 a13  w2 - c13
a21  w2 - c21
a31  w2 - c31

a22  w2 - c22
a32  w2 - c32

a23  w2 - c23
a33  w2 - c33

ƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒ
= 0
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