
1. Prove that SpecA is a T0-space for any ring A.

2. Let φ : A→ B be a homomorphism of rings and let f ∈ A. Then prove
the following:

i) Im(φ[) ⊆ V (f)⇔ φ(f) is nilpotent.

ii) Im(φ[) ∩ V (f) = ∅ ⇔ φ(f) is a unit.

3. Let X = SpecA for some ring A and let U be an open subset of X
containing x1, . . . , xr ∈ X. Show that there exists f ∈ A satisfying

{x1, . . . , xr} ⊆ D(f) ⊆ U.

4. Let k be an algebraically closed field of characteristic 0. Consider the
map

Spec k[[x, y]]→ Spec k[x, y]

associated to the natural homomorphism k[x, y]→ k[[x, y]].

i) Let u =
√
x2 + x3 = x + 1

2
x2 − 1

8
x3 + · · · . What is the image of

the point (y − u) ∈ Spec k[[x, y]] in Spec k[x, y]?

ii) Show that the image of (y −
∑

n≥1 x
n/n!) is the generic point of

Spec k[x, y].

5. Describe the points and closed sets of X = Spec Z[x]. What is the
dimension of X? Describe the fibers of the natural map

Spec Z[x]→ Spec Z.
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