AE/AM/CE/ME 102b Homework 2 Solution

Mechanics of Structures and Solids - Winter 2012

Problem 1

Consider a solid neo-Hookean cylinder of undeformed length L and radius a subjected
to a twisting moment M.

a) Find the relation between M and the angle of twist 7 per unit length.

Hint: Assume a deformation of the form

r=f(R) (1)
0=0+7)Z (2)
z2=A\ (3)

in cylindrical coordinates for \ constant.
Solution
Two ways to calculate the deformation gradient F' in cylindrical coordiantes:

Method 1 Working from the definition of F' that F' transforms a relative position
vector dx between two close points in the reference configuration to the rela-
tive position vector between those two points in the deformed configuration:

dy = F.dx (4)
Method 2 Using the vector formula form
F=y®V,, (5)

Keep in mind that the physical components of dz, dy,y and V, are used here to
calculate the physical components of F'.

Notation:

® i,,19,13 are basis vectors of the Cartesian coordinates.

o {1, 29,23} = {R,0,Z} are the cylindrical coordinates in the reference configura-
tion. The subscripts 1,2,3 and R, 8, Z will be used interchangeably.
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{eV, €9, gg} = {QOR, Qg, g%} are unit basis vectors of the cylindrical coordinates in the

reference configuration, gOR = cos 0 + sin iy, 73 = —sin 03, + cos iy, g% = 13.

{n1,m2,m3}: reference configuration Cartesian coordinates, 1 = R cos é, 12 = Rsin 9, N3 =
Z.

{y1,y2,y3} = {r, 0, z}: deformed cylindrical coordinates.

{e1,e9,63} = {e,,€p,€,}: unit basis vectors of the cylindrical coordinates in the
deformed configuration, e, = cos0i; + sin iy, ey = —sini; + cos iy, €3 = i3.

o {&1,89,&3}; deformed Cartesian coordinates, £ = rcosf,& = rsinf, {3 = z.

Note that r, 0, z are the cylindrical coordinate of the position vector y, but they
are not the physical component of y, i.e. y # re, + ey + ze, N Simﬂarly,
dr,df, dz are not the physical components of dy, i.e. dy # dre, + dQee +dze,.
clarlfy about the physical component idea, let’s calculate the physmal component
of y and dy.

y = &i; = rcostiy +rsinbiy + zig = re, + ze, = yu)¢,
where the bracket subscription, (.), denotes the physical component. Therefore,
Yy =792 =0,y =0. (6)
From the length ds between two close points:

ds® =d&dé; = dg.dg
=dr? +r?d0* + dz* = dy.dy

where d§ = ¢;i,; and
dy =1l.dre, +r.db.ey+ 1.dz.e,
= Yrhrdyrey
= dy ey,
hy = 1,hy = r, hg = 1 are called scaling factors for cylindrical coordinates;

dy gy = hrdyy, (no summation on k) (7)

are physical component of vector dy Similarly, for the reference configuration we
have h{ = 1,hy = R, h} = 1 and dzyy = h)dz; (no summation on k).

Now using the above two methods to Calculate F.
Method 1 By definition:
dy = dypyey,, de=drgey, F = Frme, @ ¢, (8)

and from equation (4)



Using the the calculation of physical quantities above (dz ) = hidzk, dyg) =

hidyx, no summation on k) and using the chain rule we have

Oyr hi; Oyk
hy O
(9) and (10) = Fiym) = hi% (no summation on m)
or
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Method 2 We have V, expressed in its physical component as:

Vv, = 0 0 L 0 +l§+ 0
A3 R 96 257

and note that
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We can double check from (12) and (16) that both methods gives the same defor-
mation gradient result.

Assuming our deformation of the form r = f(R),0 = 0 +7AZ,z = A\Z, we have

f'(R) 0 0
F= 0 f(R)/R f(R)TA (17)
0 0 A

Incompressibility:

der(py =1 PEIEX g pp R oy = By e

g (18)
=r=f(R)= T+C=ﬁ (C'=0 - no hole in the center)

f'(R)? 0 0
= B=FF" = 0 f(R?/ R+ NT2f(R)* f(R)TA?
0 F(R)TN? A2
(19)
/A 0 0
= 0 1/ A+ rA?r
0 r\2T A2
For a neo-Hookean material: T'= —pl + 2aB
—p+2a/\ 0 0
=T= 0 —p+2a(1/X+r2X\272)  2ar\T (20)
0 2ar\’T —p + 2a\?

Total twisting moment in terms of the angle of twist:
r(a) a/vVx /X
M = / r Tig.y2mrdr = 47ra)\27/ r3dr = ra\?rrd g/ = raa’r (21)
0 0

b) Will the radius of the cylinder change?
Solution: From part (a) we have r = \%, so to answer this question we will find
A from the equilibrium equations. Note that p is not a constant but a function of
r,0, and z.

Equilibrium equations, V.T = 0, in cylindrical coordinates, this case reduces to

aT{rr) + T{rr) - T(90>

or r =0,
0T B op B



so p = p(r) and the first equilibrium equation becomes

d
d—p — 20\’ = 0 = p(r) = —aX*T*% + po (23)
”

z

Traction free at the side: (I ’r:a/ﬁ> n =0, where n = 1l.e, +0.¢y + 0.

= pla/VA) = 20/X = po = 20/ X + arr?a’

24
= p = aAt*(a® — \r?) + 2a/\ (24)

Force free at the top and bottom surfaces:

| (T 1on) da=0 (25)

so the force acting on those surfaces in z direction can be calculated as

fo= [ erear—o (26)
A
a/vx 2 202,2 _ A\3 4 4
[z = / 21 { —aAT?(a® — Ar®) — 2a/X + 20N } dr = a”mafaA % AT +4)
0
(27)
1
folat aer = —§a4oz72 #0 (28)
Therefore, A = 1 is not a solution of the problem and the radius r = R/ VA will

change.

f e, T.e,dA

-15 ;

Figure 1: Example solution from the condition f, = 0 with a = 1,7 = 1, = 1 (notice
that f, =0 at A # 1)

c) Will the length of the cylinder change?
Yes, because it’s an incompressible material, changes in radius will lead to changes
in length, V' = ma®’L = 7r(a)*l = | = AL. Or from the deformation: [ = 2(L) =
AL, where A # 1 shown above.



Problem 2

Consider a system with n particles, ns of type A and np of type B (na + np = n),
trying to occupy n sites.

a) Find the probability of any particular configuration.

n! -
b= (nA!nB!) (29)

b) Show that the energy of the system for large n is given by

Solution

F =nkT{\ogX+ (1—X)log(l —A)} (30)
where A = na/n, k, and T are the Boltzmann constant and temperature, respec-
tively.

Solution

The total number of micro-configurations 2 = #T'LBJ The entropy of the system

|
S = k22, Pilog P = kylog Q = ky log ———

nalng!
= ky(logn! — logna! — logng!)
= ky(nlogn —nalogny — nplogng) (31)
= kp((na +np)logn —nalogns — nplogng)

= —ky(nalogna/n —nglogng/n)
—kyn{Alog A — (1 — \)log(1 — A)}

= F=-TS =nkyT{\log A — (1 —X)log(l —\)} (32)

Problem 3

Which of the following are Bravais lattices, and what are the lattice vectors?

a) Base centered cubic: atoms at the corners of a cube, and at the center of the base
and the top.
Solution This is a Bravais lattice with with lattice vectors

a,. . a,. ) )
& = 5(21 +Z3)a €y = 5(11 - 23)7 €3 = Aly. (33)

b) Side centered cubic: atoms at the corners of a cube, and at the center of each vertical
face.
Solution This is not a Bravais lattice, there are no vectors that generate the
lattice.



(a) Base centered cubic (b) Side centered cubic (¢) Triangular lattice (in 2D)

c) Triangular lattice (in 2D).
Solution This is a Bravais lattice with lattice vectors

1 3
€ =ai;, € =a (511 + gb) . (34)



