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Spectrum of the Laplace–Beltrami operator
on suspensions of toric automorphisms

K.M. Zuev

Abstract. The spectrum and the eigenbasis of the Laplace–Beltrami opera-
tor on the suspensions of toric automorphisms are investigated. A description
in terms of solutions of one-dimensional Schrödinger’s equation is presented.

Bibliography: 10 titles.

§ 1. Introduction

The well-known problem of the recovery of a Riemannian manifold from the
spectrum of the corresponding Laplace–Beltrami operator is commonly believed
to be stated in 1966, in [1] as the famous question: “Can one hear the shape of
a drum?”. This is the problem of equivalence of the concepts of isospectral and
isometric manifolds: will manifolds with the same spectrum be isometric? In the
general case the answer depends on the geometry of the manifolds [2]. In this
connection the description of the spectrum of a Riemannian manifold is of current
interest in its own right.

In the present paper we continue the studies of Bolsinov, Tǎımanov, Veselov,
and Dullin [3], [4].

In the paper [3] its authors consider geodesic flows on the suspensions of toric
automorphisms. One calls a closed manifold Mn+1

A the suspenson of an automor-
phism A : Tn → Tn if there exists a fibration

p : Mn+1
A

Ay
Tn

−→ S1

of this manifold over the circle S1 with fibre Tn such that the matrix of its mon-
odromy is A ∈ SL(n, Z). The manifold Mn+1

A has interesting properties: it turns
out that there exists on Mn+1

A a real-analytic metric with geodesic flow that is Liou-
ville integrable by means of smooth integrals, but has topological entropy distinct
from zero.

The integrability problem for the geodesic flow has a quantum analogue: the
description of the spectrum and eigenfunctions of the Laplace–Beltrami opera-
tor. In [4] one can find a basis in L2(M3

A) consisting of eigenfunctions of the
Laplace–Beltrami operator and described in terms of solutions of the so-called mod-
ified Mathieu’s equation.

In the present paper we consider the many-dimensional case n > 2, and our main
result is the description of the spectrum and the construction of an eigenbasis of
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the Laplace–Beltrami operator in L2(Mn+1
A ) described in terms of solutions of the

one-dimensional Schrödinger’s equation.

§ 2. Construction of a Riemannian metric on Mn+1
A

One can define the suspension Mn+1
A of a toric automorphism as follows. Consi-

der the cylinder C n+1 = Tn × R. Let x = (x1, . . . , xn) be the standard coordinate
variables on Tn defined modulo 1, and let z be the variable along the line. Consider
the action of the group Z on the cylinder generated by the transformation

TA : (x, z) 7→ (Ax, z + 1), (1)

where the integer matrix A defines a toric automorphism A : Tn → Tn. Then one
defines the corresponding manifold Mn+1

A as the quotient of the cylinder by this
action: Mn+1

A = C n+1/Z.
We shall assume throughout that A ∈ SL(n, Z) is a hyperbolic matrix (which

means by definition that its eigenvalues λ satisfy the inequality |λ| 6= 1) with
positive spectrum Spec(A) ⊂ R+.

In place of the standard periodic coordinates (x1, . . . , xn) on Tn = Rn/Zn we
shall use other linear variables on the torus, compatible with the action of the
hyperbolic automorphism A. Let Spec(A) = {λ1, . . . , λk} be the spectrum and
let nα be the multiplicity of the eigenvalue λα, α = 1, . . . , k. Then in some basis
{fi}n

i=1 (consisting of eigenvectors and associate vectors) the matrix A has a Jordan
normal form

A =


B1 0 . . . 0
0 B2 . . . 0
...

...
. . .

...
0 0 . . . Bk

 ,

where Bα is a Jordan nα-block:

Bα =


λα 1 . . . 0

0 λα
. . .

...
...

. . . . . . 1
0 . . . 0 λα

 .

Let (u1, . . . , un) be the variables on the torus corresponding to the basis {fi}n
i=1.

Note that these are not periodic coordinates: u=(u1, . . . , un) and û=(û1, . . . , ûn)
define the same point in Tn if and only if u− û = a1e1 + · · ·+ anen, where ai ∈ Z
and {ei} is a basis of the lattice Γ, associated with Tn.

We construct a Riemannian metric on Mn+1
A as follows. We start with a metric

on the cylinder C n+1. Let

ds2 = gij(z) duiduj + dz2,

where
G(z) = (gij(z)) = (e−z ln A)T G0e

−z ln A.
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Here G0 is an arbitrary positive-definite symmetric matrix of order n (the matrix
of the metric on the zero level {z = 0}), and lnA is the single-valued real branch of
the logarithm, which is well defined because Spec(A) ⊂ R+. Obviously, this metric
on the cylinder is invariant under the above-described action of the discrete group,
therefore it reduces to a metric on the quotient space Mn+1

A = C n+1/Z.

§ 3. Laplace–Beltrami operator on Mn+1
A

The Laplace–Beltrami operator is the operator ∆ = div grad, which has the
following representation on a Riemannian manifold:

∆ =
1√

det G
∂i(gij

√
det G ∂j);

here ∂i is the partial derivative with respect to the ith coordinate variable, G is the
metric tensor, and the gij are the components of the inverse metric tensor in
the local coordinate chart.

In our case detG =det G0. Since A is a unimodular matrix, the Laplace–Beltrami
operator on Mn+1

A has the following representation in the variables (u1, . . . , un, z):

∆ = gij(z)
∂2

∂ui∂uj
+

∂2

∂z2
,

where
G−1(z) = (gij(z)) = ez ln AG−1

0 (ez ln A)T .

Calculations show that

G−1(z) =

ez ln B1G11
0 ez ln BT

1 . . . ez ln B1G1k
0 ez ln BT

k

...
. . .

...
ez ln BkGk1

0 ez ln BT
1 . . . ez ln BkGkk

0 ez ln BT
k

 ,

where G−1
0 = (Gαβ

0 ) is the decomposition into submatrices induced by the decom-
position of A into Jordan blocks.

The matrix ez ln BαGαβ
0 ez ln BT

β ∈ Mat(nα, nβ) has the following form:

ez ln BαGαβ
0 ez ln BT

β = ez ln λαλβ Pαβ(z), Pαβ(z) ∈ Mat(nα, nβ).

The entries pαβ
ij of the matrix Pαβ(z) are polynomials of z; we arrange their degrees

deg pαβ
ij (z) = nα + nβ − i− j in the following table:

nα + nβ − 2 . . . . . . . . . nα − 1
...

. . . . . . . . .
...

...
. . . 4 3 2

...
. . . 3 2 1

nβ − 1 . . . 2 1 0
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We see that the Laplace–Beltrami operator on Mn+1
A has the following form in

the variables (u1, . . . , un, z):

∆ =
(k,k)∑

α,β=1

(nα,nβ)∑
i,j=1

ez ln λαλβ pαβ
ij (z)

∂2

∂uξ∂uη
+

∂2

∂z2
, (2)

ξ = ξ(α, i) =
α−1∑
s=1

ns + i, η = η(β, j) =
β−1∑
s=1

ns + j.

Here the subscripts α and β define a submatrix of G−1(z) and the indices i and j
define an entry of this submatrix.

§ 4. Spectrum and eigenfunctions of the Laplace–Beltrami operator

The integrability problem for the geodesic flow of a Riemannian metric on a
manifold has a quantum analogue, the description of the spectrum and the eigen-
functions of the Laplace–Beltrami operator corresponding to this metric

−∆Ψ = E Ψ. (3)

In our case Ψ ∈ L2(Mn+1
A ) and ∆ is the above-described Laplace–Beltrami

operator on L2(Mn+1
A ).

Since the coefficients ∆ depend only on z, the natural approach is to separate
variables and to seek eigenfunctions of ∆ in the following form:

Ψγ(u, z) = e2πi〈γ,u〉F (z), (4)

where γ =
∑n

i=1 γie
∗
i ∈ Γ∗, γi ∈ Z, is an element of the dual lattice of the torus,

and F ∈ L2(R). We observe that pairing 〈γ, u〉 is defined modulo Z:

〈γ, u〉 =
〈

γ, u +
n∑

i=1

aiei

〉
= 〈γ, u〉+

n∑
i=1

γiai.

However, e2πiZ = 1 and therefore the function Ψγ(u, z) is well defined on Mn+1
A .

Substituting now (4) in equations (3), (2) we obtain

−d2F (z)
dz2

+ Qγ(z)F (z) = E F (z), (5)

Qγ(z) = (2π)2
(k,k)∑

α,β=1

(nα,nβ)∑
i,j=1

ez ln λαλβ pαβ
ij (z)〈γ, fξ〉〈γ, fη〉. (6)

The problem of the spectrum and the eigenfunctions of the Laplace–Beltrami
operator on the Sol-manifold Mn+1

A reduces in this way to the one-dimensional
Schrödinger’s equation (5) on the line with potential Qγ(z). For n = 2 equation (5)
reduces to the so-called modified Mathieu’s equation [4].

The properties of the one-dimensional Schrödinger’s equation (5) are well stud-
ied. As is known [5], if Qγ(z) → +∞ as |z| → ∞, then there exists a complete
orthonormal system of eigenfunctions Fk(z), k ∈ N, of the operator−d2/dz2+Qγ(z)
belonging to L2(R) and with eigenvalues Ek approaching +∞ as k →∞.
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Lemma 1. If γ 6= 0, then Qγ(z) → +∞ as |z| → ∞.

Proof. We observe first of all that

Qγ(z) = (2π)2 · (〈γ, f1〉, . . . , 〈γ, fn〉)G−1(z)

〈γ, f1〉
...

〈γ, fn〉

 .

Hence Qγ(z) > 0 for γ 6= 0 because the metric is positive-definite and one has
(〈γ, f1〉, . . . , 〈γ, fn〉) 6= 0 for γ 6= 0.

Let z → +∞ (the case when z → −∞ is similar). It follows from (6) that
the potential Qγ(z) is a linear combination of functions of the form eµzq(z) with
µ ∈ R and q(z) a polynomial . Hence it is sufficient for the proof of the lemma to
demonstrate that this linear combination (after collecting similar terms) contains
a term with µ > 0. Indeed, in that case such a term approaches ±∞ depending on
the polynomial factor, so that Qγ(z) → ±∞. However, Qγ(z) > 0, and therefore
only the convergence Qγ(z) → +∞ is possible. We claim that there exists such a
term.

The space Rn of the hyperbolic operator A is the sum of two invariant subspaces:

Rn = V −
A ⊕ V +

A , V −
A =

⊕
λ<1

Vλ, V +
A =

⊕
λ>1

Vλ.

Let Vλ be the root subspace corresponding to λ.

Lemma 2. If A ∈ SL(n, Z) is a hyperbolic matrix, then

Ann(V +
A ) ∩ Γ∗ = 0.

Proof. Since Rn = V −
A ⊕ V +

A , it follows that Ann(V +
A ) = (V −

A )∗. Hence

Ann(V +
A ) ∩ Γ∗ = (V −

A )∗ ∩ Γ∗ = (V −
A ∩ Γ)∗.

Since V −
A ∩ Γ is a subgroup of the additive group Rn and is discrete as a subset,

V −
A ∩ Γ is a lattice [6]. Moreover, V −

A ∩ Γ is A-invariant. Thus, V −
A ∩ Γ is an

A-invariant sublattice of Γ.
Assume that there exists a non-trivial v ∈ V −

A ∩ Γ. Then Anv ∈ V −
A ∩ Γ for

arbitrary n ∈ N. On the one hand, V −
A ∩ Γ is a discrete set and therefore there

exists a punctured neighbourhood U of the origin in Rn containing no points from
V −

A ∩ Γ. On the other hand, V −
A consists of vectors v such that Anv → 0 as

n →∞, and therefore Anv ∈ U for each n starting with some exponent, which is a
contradiction. Hence V −

A ∩ Γ = 0, and therefore Ann(V +
A ) ∩ Γ∗ = 0. The proof of

Lemma 2 is complete.

By Lemma 2, for each point γ 6= 0 in the dual lattice the basis {fi}n
i=1 contains

a vector f0 ∈ Vλ0 ⊂ V +
A such that 〈γ, f0〉 6= 0. We shall assume without loss of

generality that f0 = f1 and λ0 = λ1. Then

Qγ(z) = (2π)2e2z ln λ1p11
11(z)〈γ, f1〉2 + · · · .

It remains to observe that the polynomial p11
11(z) is distinct from the identically zero

function because p11
11(0) = (G−1

0 )11 > 0 as a diagonal element of the positive-definite
matrix G−1

0 . The proof of Lemma 1 is complete.
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Thus, we have associated with each element γ ∈ Γ∗\{0} a series of eigenfunctions
and eigenvalues of the Laplace–Beltrami operator on the cylinder C n+1:

γ 7→ (Ψγ,k,Eγ,k),

Ψγ,k(u, z) = e2πi〈γ,u〉Fγ,k(z).

However, the Ψγ,k are not well-defined functions on Mn+1
A = C n+1/Z because they

are not invariant under the action (1) of the discrete group on the cylinder. It is
natural to average these functions over the action, that is, to consider in place of
Ψγ,k the series

Ψγ,k(u, z) 7→
∑
n∈Z

Ψγ,k(Anu, z + n) =: Ψ̃γ,k(u, z). (7)

The transformation (u, z) 7→ (Au, z + 1) is an isometry and therefore preserves
the Laplace operator. Hence the function Ψ(n)

γ,k(u, z) := Ψγ,k(Anu, z + n) solves
equation (3) with the same eigenvalue Eγ,k.

We now write down the chain of equalities

∆Ψ̃γ,k(u, z) = ∆
∑
n∈Z

Ψγ,k(Anu, z + n) =
∑
n∈Z

∆Ψγ,k(Anu, z + n)

=
∑
n∈Z

Eγ,kΨγ,k(Anu, z + n) = Eγ,kΨ̃γ,k(u, z). (8)

To make these formal equalities meaningful one must show that the series (7) con-
verges to a well-defined function on Mn+1

A and that the Laplace–Beltrami operator
commutes with summation.

As is known [5], each solution of the equation

−d2f(z)
dz2

+ v(z)f(z) = 0, v(z) → +∞ as |z| → +∞,

has one of the following properties:
(1) for each α > 0 there exists M such that |f(z)| > eα|z| for |z| > M ;
(2) for each α > 0 there exists M such that |f(z)| 6 e−α|z| for |z| > M .
In our case (5), by Lemma 1 we obtain v(z) = Qγ(z)− E → +∞ as |z| → +∞.

In addition, all the eigenfunctions Fγ,k(z) belong to L2(R), therefore for the one-
dimensional Schrödinger’s equation with increasing potential only case (2) can
occur. Thus, there exists M = M(γ, k) such that for all |z| > M ,

|Fγ,k(z)| 6 e−|z|. (9)

We now establish several simple results substantiating (8).

Lemma 3. The series∑
n∈Z

Ψ(n)
γ,k(u, z) =

∑
n∈Z

Ψγ,k(Anu, z + n)

converges pointwise in the cylinder C n+1 = Tn × R.
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Proof. Let (u0, z0) ∈ C n+1. Then∣∣∣∣∑
n∈Z

Ψγ,k(Anu0, z0 + n)
∣∣∣∣ =

∣∣∣∣∑
n∈Z

e2πi〈γ,Anu0〉Fγ,k(z0 + n)
∣∣∣∣ 6

∑
n∈Z

|Fγ,k(z0 + n)|.

Using the estimate (9) we obtain

∑
n∈Z

|Fγ,k(z0 + n)| 6 (ez0 + e−z0)e−M−1 e

e− 1
+

M∑
n=−M

|Fγ,k(z0 + n)|

for sufficiently large M . This inequality proves Lemma 3.

Thus, the function Ψ̃γ,k is well defined on C n+1. It is moreover easy to see
that Ψ̃γ,k is also a function on the quotient C n+1/Z because it is invariant under
the transformation (u, z) 7→ (Au, z + 1).

Lemma 4. (1) The series
∑

n∈Z Ψ(n)
γ,k(u, z) converges uniformly on Tn × [0, 1];

(2) Ψ(n)
γ,k(u, z) ∈ L2(C n+1) ⊂ L2(Tn × [0, 1]);

(3) Ψ̃γ,k ∈ L2(Mn+1
A ).

Proof. For the proof of part (1) it is necessary and sufficient to show that the
remainder term of the series converges to zero uniformly on Tn × [0, 1]. As follows
from the proof of Lemma 3, the remainder has the estimate

∑
|n|>M

Ψ(n)
γ,k(u, z) 6 (ez + e−z)

e−M

e− 1
.

This inequality holds for all z ∈ [0, 1] if M is sufficiently large. The right-hand side
approaches zero as M →∞, which proves the first assertion of the lemma.

Now,∫
Tn×[0,1]

|Ψ(n)
γ,k|

2 du dz 6
∫

C n+1
|Ψ(n)

γ,k|
2 du dz = area(Tn)

∫
R
|Fγ,k(z + n)|2 dz

= area(Tn) · ‖Fγ,k‖2
L2(R) < ∞.

By the first two assertions of the lemma

Ψ̃γ,k ∈ L2(Tn × [0, 1]).

The space Mn+1
A = C n+1/Z can be obtained from Tn × [0, 1] by identifying the

boundary tori by means of the automorphism with matrix A ∈ SL(n, Z). Hence∫
Mn+1

A

|Ψ̃γ,k|2 6
∫

Tn×[0,1]

|Ψ̃γ,k|2,

which completes the proof of Lemma 4.
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Lemmas 3, 4, and the equality ∆Ψ(n)
γ,k(u, z) = Eγ,kΨ(n)

γ,k(u, z) show that the
Laplace–Beltrami operator commutes with summation.

We have thus substantiated the chain of equalities (8) and the transition from
the functions Ψγ,k on the cylinder to the functions Ψ̃γ,k on the quotient space
Mn+1

A = C n+1/Z.
In this way we associate with each element γ ∈ Γ∗ \{0} of the dual lattice of the

torus Tn a series of eigenvalues and ‘correct’ eigenfunctions of the Laplace–Beltrami
operator on L2(Mn+1

A ):

γ 7→ (Ψ̃γ,k(u, z),Eγ,k),

Ψ̃γ,k(u, z) =
∑
n∈Z

Ψγ,k(Anu, z + n) =
∑
n∈Z

e2πi〈γ,Anu〉Fγ,k(z + n).

Consider now the natural action of the cyclic subgroup {A∗} ⊂ SL(n, Z) on Γ∗.
Let [γ] be the orbit of this action:

[γ] = {(A∗)nγ : n ∈ Z}.

Lemma 5. If γ1, γ2 ∈ Γ∗ \{0} are points in the same orbit of the action {A∗} : Γ∗,
then the corresponding eigenvalues and eigenfunctions are the same.

Proof. Since γ1, γ2 belong to the same orbit, there exists N ∈ Z such that γ2 =
(A∗)Nγ1. Then

Ψ̃γ2,k(u, z) =
∑
n∈Z

Ψ(A∗)N γ1,k(Anu, z + n).

Lemma 6. ΨA∗γ,k(u, z) = Ψγ,k(Au, z + 1).

Proof. We have

ΨA∗γ,k(u, z) = e2πi〈A∗γ,u〉FA∗γ,k(z) = e2πi〈γ,Au〉FA∗γ,k(z).

The function FA∗γ,k is the kth solution of the one-dimensional Schrödinger’s equa-
tion with potential

QA∗γ(z) = (2π)2gij(z)〈A∗γ, fi〉〈A∗γ, fj〉

= (2π)2
(
〈A∗γ, f1〉, . . . , 〈A∗γ, fn〉

)
·G−1(z) ·

(
〈A∗γ, f1〉, . . . , 〈A∗γ, fn〉

)T

= (2π)2
(
〈γ, Af1〉, . . . , 〈γ, Afn〉

)
·G−1(z) ·

(
〈γ, Af1〉, . . . , 〈γ, Afn〉

)T

= (2π)2
(
〈γ, f1〉, . . . , 〈γ, fn〉

)
·AG−1(z)AT ·

(
〈γ, f1〉, . . . , 〈γ, fn〉

)T

= (2π)2
(
〈γ, f1〉, . . . , 〈γ, fn〉

)
·G−1(z + 1) ·

(
〈γ, f1〉, . . . , 〈γ, fn〉

)T

= (2π)2gij(z + 1)〈γ, fi〉〈γ, fj〉 = Qγ(z + 1).

That is, FA∗γ,k(z) is the kth solution of the one-dimensional Schrödinger’s equation
with potential QA∗γ(z) = Qγ(z + 1). Hence

FA∗γ,k(z) = Fγ,k(z + 1).



Spectrum of the Laplace–Beltrami operator 1305

We finally obtain

ΨA∗γ,k(u, z) = e2πi〈γ,Au〉Fγ,k(z + 1) = Ψγ,k(Au, z + 1).

The proof of Lemma 6 is complete.

By Lemma 6,

Ψ̃γ2,k(u, z) =
∑
n∈Z

Ψ(A∗)N γ1,k(Anu, z + n)

=
∑
n∈Z

Ψγ1,k(An+Nu, z + n + N) = Ψ̃γ1,k(u, z).

The proof of Lemma 5 is also now complete.

We see that the eigenfunctions and the eigenvalues of the Laplace–Beltrami
operator are parametrized by entire orbits rather than points in the dual lattice:

[γ] 7→ (Ψ[γ],k,E[γ],k),

Ψ[γ],k := Ψ̃γ,k.

We consider separately the case γ = 0. The one-dimensional Schrödinger’s equa-
tion (5) now takes the very simple form

d2F (z)
dz2

+ E F (z) = 0,

so that for γ = 0 we obtain the following system of eigenfunctions and eigenvalues:

(1, 0), (cos kπz, (πk)2), (sin kπz, (πk)2).

Theorem 1. The system of functions {Ψ[γ],k: γ∈Γ∗ \{0}}∪{1, cos kπz, sin kπz}
with k ∈ N forms an eigenbasis of the Laplace–Beltrami operator in L2(Mn+1

A ).
The eigenvalue E[γ],k corresponding to a function Ψ[γ],k is an eigenvalue of the
Schrödinger operator on the line with potential Qγ(z) (6).

Proof. It is obvious that these functions are orthogonal and independent. It remains
to verify that the system of functions is complete in L2(Mn+1

A ).
As is known [7], [8], if M is a compact Riemannian manifold, then there exists

in L2(M) an orthonormal basis of infinitely smooth eigenfunctions of the Laplace–
Beltrami operator (because this operator is elliptic). Hence it is sufficient for the
completeness to show that if Φ ∈ L2(Mn+1

A ) is a smooth function orthogonal to all
the functions in our system, then it is identically equal to zero [9].

Similarly to the case of S1 = T1, the system of functions

{ϕγ(u) = e2πi〈γ,u〉 : γ ∈ Γ∗}

makes up a complete orthogonal family in L2(Tn), Tn = Rn/Γ [9]. Hence each
Φ ∈ L2(Mn+1

A ) can be represented as a series

Φ(u, z) =
∑

γ∈Γ∗

e2πi〈γ,u〉cγ(z).
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This is the Fourier series of Φ with respect to the orthogonal system {ϕγ}. The
Fourier coefficients cγ are defined by the formula

cγ(z) =
1

‖ϕγ‖2
L2(Tn)

∫
Tn

Φ(u, z)ϕγ(u) dµ.

Without loss of generality we can regard Φ as a function on the cylinder C n+1.
Then cγ will be a smooth function on the line.

Lemma 7. If γ 6= 0, then cγ ∈ L2(R).

Proof. Since Φ ∈ L2(Mn+1
A ), it follows that Φ(Au, z + 1) = Φ(u, z). Hence

∑
γ∈Γ∗

e2πi〈γ,u〉cγ(z) =
∑

γ∈Γ∗

e2πi〈γ,Au〉cγ(z + 1) =
∑

γ∈Γ∗

e2πi〈A∗γ,u〉cγ(z + 1)

=
∑

γ∈Γ∗

e2πi〈γ,u〉c(A∗)−1γ(z + 1).

We see that the Fourier coefficients satisfy the condition

cγ(z + 1) = cA∗γ(z),

or, more generally,

cγ(z + n) = c(A∗)nγ(z), n ∈ Z.

If γ 6= 0, then it follows by the hyperbolicity of A that (A∗)nγ → ∞ as n → ±∞.
It is well known that the more rapidly the Fourier coefficients approach zero the
better are the differential properties of the function in question. In particular, if
a function has k derivatives, then its Fourier coefficients cn satisfy the estimate
cn = o(1/|n|k) as n → ±∞ [10]. Hence in our case we obtain

c(A∗)nγ(z) = o

(
1

|(A∗)nγ|k

)
= o

(
1

(Λn)k

)
as n → ±∞,

where Λ is the largest eigenvalue of A. By the hyperbolicity Λ > 1, therefore
it follows by the above equality that the coefficients cγ approach zero at infinity
sufficiently rapidly to belong to L2(R). The proof of Lemma 7 is complete.
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Now let Φ be a function orthogonal to all the Ψ[γ0],k, γ0 ∈ Γ∗ \ {0}. Then

0 = 〈Φ,Ψ[γ0],k〉L2(Mn+1
A ) =

∫
Mn+1

A

Φ(u, z)Ψ[γ0],k(u, z) dσ

=
∫

Mn+1
A

∑
γ∈Γ∗

e2πi〈γ,u〉cγ(z)
∑
n∈Z

e−2πi〈(A∗)nγ0,u〉F (A∗)nγ0,k(z) dσ

=
∫ 1

0

∑
γ∈Γ∗,n∈Z

(∫
Tn

e2πi〈γ,u〉e−2πi〈(A∗)nγ0,u〉 dµ

)
cγ(z)F (A∗)nγ0,k(z) dz

=
∫ 1

0

∑
n∈Z

(∫
Tn

e2πi〈(A∗)nγ0,u〉e−2πi〈(A∗)nγ0,u〉 dµ

)
c(A∗)nγ0(z)F (A∗)nγ0,k(z) dz

= area(Tn)
∫ 1

0

∑
n∈Z

c(A∗)nγ0(z)F (A∗)nγ0,k(z) dz

= area(Tn)
∫ 1

0

∑
n∈Z

cγ0(z + n)F γ0,k(z + n) dz

= area(Tn)
∫

R
cγ0(z)F γ0,k(z) dz = area(Tn) · 〈cγ0 , Fγ0,k〉L2(R).

Thus, the Fourier coefficient cγ0 belongs to L2(R) for γ0 6= 0 and is orthogonal to
all the functions Fγ0,k, which form an orthonormal basis in L2(R). Hence cγ0 ≡ 0
for γ0 6= 0, therefore the function Φ has the form Φ(u, z) = c0(z), where c0 is a
1-periodic function. Using now the orthogonality of Φ to all the functions cos kπz,
sin kπz, k ∈ N, which make up a complete system in L2(S1) we obtain that c0 ≡ 0.
This proves the completeness and completes the proof of Theorem 1.

The author is obliged to his supervisors A.T. Fomenko and A.V. Bolsinov for
stating the problem and for their permanent attention to this work.
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