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1.  Magnetic monopoles and Dirac quantization 
 

In our discussions of the topological object in (3+1)-dimensional space-time, we introduced a tensor field 
 

F µν  
( ) ( )

3

b cabc aa a D DF

e
µ νµν ε ϕ ϕ ϕϕ

ϕ ϕ
≡ − ,           (P2.1) 

 

where a a a abc b cF A A A Aµν µ ν ν µ µ νε≡ ∂ − ∂ + , Diϕ a = ∂iϕ a + eε abcAi
bϕ c,, and the gauge potential b

iA  satisfies the 
following condition at spatial infinity: 
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(a) Show that within a spatial region where ϕ a is a constant, the tensor field F µν  as defined above indeed 
represents the electromagnetic field strength.  

 
(b) Find the magnetic field B  from the above tensor field in the limit of r → ∞, and show that the total 

flux from a magnetic monopole with B  thus defined satisfies the Dirac quantization condition.    

 
2.  The Hopf non-local Lagrangian and the mass dimension of the Chern-Simons term 
 

Consider the following Lagrangian in (2+1)-dimensional space-time that involves the Chern-Simons term 
a aµνλ

µ ν λε ∂ and a Lagrangian L0 with a conserved current jµ:   
 

        0L L a a a jµνλ µ
µ ν λ µγ ε= − ∂ + ,           (P2.3) 

where aµ denotes a gauge potential. 
 

(a) Show that with the choice of the Lorentz gauge 0aµ
µ∂ = , one can integrate out the gauge potential a 

in Eq. (P2.3) and obtain the following non-local Lagrangian: 
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The Lagrangian LHopf in Eq. (P2.4) is known as the Hopf term, which, in the fractional quantum Hall 
fluids, is related to the quasiparticle interactions.   

 
(b) Consider the mass dimensions of the Chern-Simons term and the Maxwell term in (2+1)-dimensional 

space-time. Prove that at long distances the Maxwell term becomes irrelevant relative to the Chern-
Simons term.  

 
 
 
 
 
 
 
 
 


