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Abstra ct. We examine the issue of separation and code design for network
data transmission environments. We demonstrate that source-channel sep-
aration holds for seweral canonical network channel models when the whole
network operates over a common nite “eld. Our approach useslinear codes.
This simple, unifying framework allows us to re-establish with economy the
optimalit y of linear codes for single transmitter channels and for Slepian-W olf
source coding. It also enables us to establish the optimalit y of linear codes
for multiple accesschannels and for erasure broadcast channels. Moreover, we
show that source-channel separation holds for these networks. This robustness
of separation we show to be strongly predicated on the fact that noise and
inputs are independent. The linearit y of source, channel, and network coding
blurs the delineation between these codes, and thus we explore joint linear de-
sign. Finally , we illustrate the fact that design for individual network modules
may yield poor results when such modules are concatenated, demonstrating
that end-to-end coding is necessary Thus, we argue, it is the lack of decom-
posability into canonical network modules, rather than the lack of separation
between source and channel coding, that presents major challenges for coding
in networks.

1. Intro duction

The failure of source-tiannel separationin networks is often consideredto be an
impedimert in applying information theoretic tools in network settings. A simple
multiple accesschannel from [CT91 | shaws how separation can fail. The channel
cortains m , 2 transmitters and a single receiver. The receiwer's channel output
is the integer sum of the transmitters' binary channel inputs. Sinceindependert,
uniformly distributed input signalsfail to achieve the maximum mutual information
between the transmitted and received signals, direct transmission of dependert
sourcebits over the channel sometimesyields higher achievable transmission rates
than Slepian-Wolf sourcecoding followed by multiple accesschannel coding.
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While this simple examplemay at rst appearto irrefutably establishthe failure
of source-tannel separationin networks, its simplicity is misleading. In particular,
note that the alphabet size of the output is dependert on the number of transmit-
ters. Thus, the network lacks a consistert digital framework. Replacing integer
addition with binary addition to give a channel with input and output alphabets
of the samecardinality yields a communication systemfor which separation holds.

In this paper, we argue that source-tiannel separation is more robust than
counterexamplesmay suggest. We assert, however, that separatesourceand chan-
nel code designdoesnot necessarilysimplify the designof communication systems
for digital networks. The operations of compressionand channel coding are con-
ceptual tools rather than necessarycomponerts. While modularity, sud as that
a®ordedby the separation theorem, is desirablein the designof componerts, the
decomposition of a problem into modular tasks may increasecomplexity when the
decomposition imposesunnecessaryconstraints.

In addition to examining traditional questionsof source-tiannel separation, we
also investigate a variety of other separation assumptionsimplicit in existing net-
work design techniques. Network coding is an information transmission strategy
where nodesof a network are allowed to mix incoming data; a network code is suc-
cessfulif eat receiver can deducefrom its received data the messagesntended for
it. By assumingindependert data bits and losslesdinks, the network coding liter-
ature and other layered approadiesto network designendorsea philosophy where
sourceand channel coding are separatedfrom network coding or routing. Through
examples,we demonstrate the fragility of this assumedseparation. Even in sim-
ple digital networks, neither separatesource-netvork coding strategiesnor separate
channel-network coding techniquesguarantee optimal communication performance.

Our network model requires the same nite alphabet at all nodes and addi-
tionally allows noisein the form of erasures! Erasuresare assumedto be channel-
imposed, irreversible, and independent of the channel input, so that the erasure
symbol cannot be usedas an additional symbol for coding.

While our examplessuggestthe robustnessof source-tiannel separation and
fragility of source-netvork and channel-network separationin the resulting systems,
we advocate an ertirely uni ed approad, investigating independert, random, linear
code design at all nodes of the network. For the examplesgiven, it is not clear,
even after the designis completed, what the appropriate decomposition of tasks
should be.

We treat two important types of networks in detail: multiple accessnetworks
and degradedbroadcastnetworks. For the networks we consider,optimal code con-
struction is particularly simple. We show that random linear codes are suxcient
and asymptotically optimal for a wide array of problems. Our approach may be
viewed, in the simplest way, as a generalization of information theoretic results
known for single-receier source codes and for single-transmitter, single-receier
channel codes. From the networking perspective, our results bear a di®erer inter-
pretation - compression,channel coding, and routing are not separablefunctions.

Finally, while the multiple accessand broadcast networks consideredhere are
important in their own right, we show that we cannot concatenatethem arbitrarily
and maintain end-to-end functionality. In e®ect, there is no separation of large
networks into canonical elemens. We argue that this lack of separation, rather

Iwhile we focus primarily on erasure channels, we also consider additiv e noise channels.
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than the oft-presumedlack of source-fiannel separationin networks, posesthe real
challengein communication system design.

2. Background

The useof random linear transformations in coding receivesconsiderableatten-
tion in the literature. For channel coding, Elias [Eli56 ] shows that random linear
parity chedk codes,formed by Bernoulli(1/2) choicesfor the parity ched entries in
a systematic code's generator matrix, achieve capacity for the binary erasurechan-
nel and the binary symmetric channel. MacKay [Mac99 ] provesthat two families
of error-correcting codesbasedon very sparserandom parity chedk matrices{ Gal-
lager codesand MacKay-Neal codes(a special caseof the former) { when optimally
decaded, achieve information rates up to the Shannonlimit for channelswith sym-
metric stationery ergadic noise. MacKay also demonstratesempirically, for binary
symmetric channels and Gaussian channels, that good decaling performance for
these codes can be achieved with a practical sum-product decaling algorithm.

Linear channel coding for network systemshas received far lessattention. In
this work, we consider both multiple accessand degradedbroadcast channels. In
multiple accesscoding, the model of interest comprisesa collection of transmitters
sendinginformation to a singlereceiver. The received signalis the sum of the trans-
mitted signalswith the possibleinclusion of either erasuresor additiv e noise. While
this type of additiv e interferencechannel hasreceived considerableattention in the
literature (see,for example,[Ahl71 , Lia72, CW79 ]) the majority of the work to
date considersonly the casewhere the incoming data streams interfere additiv ely
in the real "eld; one notable exception is the work of Poltyrev and Snyder [PS95],
which treats a modulo-2 multiple accesschannel without noisein the casewhere
a proper subsetof the transmitters sendsto the decader at any given instant. We
are unaware of prior work on linear coding for multiple accesschannels.

In broadcastnetworks, we considerphysically and stochastically degradedchan-
nels with both additive noise and erasures.While the degradedbroadcast channel
is well understood, [Gal74 , Ber73 ], we are likewiseunaware of any prior work on
linear broadcast channel codes.

On the sourcecoding side, Ancheta [Anc77 ] preseris universally optimal linear
codes for losslesscoding of binary sources;he also shows that the rate distortion
function of a binary, stationary, memorylesssourcecannot be achieved by any linear
transformation over a binary "eld into a sequencewith rate lower than the entropy
of the source. The syndrome-source-cding scheme described by Ancheta usesa
linear error correcting code for data compression,treating the sourcesequenceas
an error pattern whosesyndrome forms the compresseddata.

In [Csi82], CsiszZr generalizeslinear source coding techniques to allow lin-
ear multiple accesssourcecodesthat achieve the optimal performancederived by
Slepian and Wolf [SW73]. Csiszfr demonstratesthe universality of his proposed
linear codes and bounds the corresponding error exponerts. These results are
generalizableto single or multiple Markov sources.

Addressingthe problem of practical encaling and decading for multiple access
sourcecodes,[PR99 , PR00Oa, PR0OOb , PR0O3, RPKOO ]introducethe Distributed

2In the given xed-rate coding regime, a universal code is any code that achieves asymptot-
ically negligible error probabilit y on all sourcesfor which the code's rate falls within the source's
achievable rate region.
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SourceCoding Using Syndromes(DISCUS) framework. Schonberg et al. [SPR02 ]
note that Csisz{'s proof canbe usedto show that application of LDPC codesin the
DISCUS framework approadesthe Slepian-Wolf bound for generalbinary sources;
they then demonstrate through simulation that belief propagation decading works
well in practice. Uyematsuproposesa deterministic construction for linear multiple
accesssourcecodesin [Uy e01].

Zhao and E®rosintroduce broadcast system source codesin [ZE99, ZE0O],
preseriing designalgorithms and performance bounds. We know of no prior work
on linear broadcast system sourcecodes.

Network coding is a generalization of routing for transmitting independert bits
through losslessnetworks [ACLYO00]. Unlike routers, network codes allow nodes
of a network to mix their incoming data streams. Koetter and M§dard give an al-
gebraic framework in [KM02 ]. Reference[HKM * 03] considersa randomized ap-
proach for independert or linearly correlated sources,while [JCJO03 ] and [SETO03 ]
give systematic polynomial-time code constructions for independert sources.

3. Preliminaries and Generalizations

Sincethe focusof our paper is on the relationships betweensystemcomponerts
and concepts,we give all results in their simplest forms. In particular, we state our
results and their corresponding derivations for independen, identically distributed
(iid) random processesand focus primarily on binary source and channel alpha-
bets, modi ed only for the inclusion of the erasurenoise model. For simplicity, all
code constructions conmbine random linear encading with typical set decading. The
de nition of the typical set Al for a single random sequencelJ;; U,;::: drawn iid
accordingto distribution pis

%3 7

AM =y 2 UM %Iogp(U”)< H(U) + 2

P
Givensourcealphabet U, H (U) = j u2u P(U) logp(u) is the ertropy of iid random
processU;; U,;: .. By the Asymptotic Equipartition Property (AEP),

JAM] . 2N(H W)

and Pr(U" 2 Agn)) I lasn! 1. Weusecorntext to distinguish betweendistinct

typical sets (e.g., U" 2 A™ and zn 2 Al refer to two distinct typical sets
with sizesboundedby 2"(H (U)+2) gnd 2n(H(2)* *) | respectively). Focusingon linear
encaling and typical setdecaling allows usto include simple proofsand illuminates
the relationships betweenthem.

For readability, we state and prove our resultsin their simplestforms. We note,
howevwer, that all of the results given here generalizewidely from the forms that we
state explicitly. Someof these generalizationsare described below.

2 While we focus on the binary alphabet, results generalizeto arbitrary
‘nite elds. The requiremert that the nite eld be the samefor all
sources,channel codewords, and additiv e noiseprocessegannot, however,
be relaxed in general. The channel output alphabet is allowed to di®er
only in the inclusion of erasures.Erasurespropagate as erasureswhen the
output of one channelis fed into another channel.

2 We state results for iid source and noise random processesithe results
generalizeto stationary, ergodic processes.
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2 We use non-systematic codesin channel coding; the results generalizeto
systematic codes.

2 We use source-degndert typical set decalers; many of the results in
this paper can be generalizedto achieve universal coding performance
and improved error exponerts using the maximal ertropy decalers of
Csiszy [Csi82].

2 We ignore decader complexity issues;good (sub-optimal) decaders with
lower complexity can be derived for many of the systemsdescribed here
using sparsematrix techniqueslike those of [Gal62 , Mac99 ].

2 We give results for the smallest generalizableinstances of ead network
type (e.g., two-receiver broadcast channels and three-receiver broadcast
system sourcecodes); our results generalizeto larger systems.

4. Single-T ransmitter, Single-Receiv er Net works

We begin by examining simple forms of some of the prior results described
in Section 2. In particular, we give simple new proofs for the linear source and
channel coding theorems for single-transmitter, single-receier networks [Eli56 ,
Anc77 , Csi82]. These new derivations demonstrate the relationships between
thesealgorithms and random linear network coding techniques. We further provide
a linear sourcecoding converse. Finally, we extend the approact to designlinear
joint source-tiannel codesfor the single-transmitter, single-receier network.

Random linear source code design for a a single-transmitter, single-receier
network is equivalernt to random linear network code designfor the samenetwork.
We therefore say that a network code accomplishesoptimal source coding on a
noise-freenetwork if that code can be usedto transmit any sourcewith erntropy
lower than the network capacity with asymptotically negligible error probability.

Shannon'sachievability result for losslesssourcecoding demonstratesthat for
Ug; Up; i drawn iid from a Bernoulli(p) distribution and any 2 > 0, there exists a
“xed-rate-(H (U) + 2) code for which the probability of decaling error can be made
arbitrarily small as the coding dimension n grows without bound. The corverse
to Shannon's source coding theorem proves that asymptotically negligible error
probabilities cannot be achieved with rates lower than H (U). We begin by proving
that the expected error probability of a randomly chosen, rate-R, linear source
code approacheszeroasn grows without bound for any sourceU with H(U) < R.
The xed-rate, linear encader is independert of the source distribution; we use
distribution-dep endert typical set decaders for simplicity.

Let a, be an dnRe£ n matrix with coezcients in the binary "eld IF,. To use
a, asa linear sourcecode, we de ne encaler

®,(u") = ayu;
for arbitrary sourcesequenceu" = u! 2 (IF,)". The corresponding decader is

un ifun 2 Al anu = vi@at 2 AN fulgt st an = v

- dnR ey —
Vv =
n ) 0"  otherwise

whereviRe = yt 2 (JF,)dR e and decading to 0" denotesa random decader output
The error probability for sourcecode a, is

Pe(an) = Pr("n(®(U")) 6 U"):
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LetfA,gi_, bea sequene of rate-R linear source codeswith coexcients drawn iid
Bernoulli(1=2). For any R > H(U), EPs(A,)! Oasn! 1.

Proof. Let w' 2 IF} be an arbitrary nonzerovector. Then

= r(Error 2)+ r(Error $
EP{" = EPi(Emgr » U" 62A(") + E Pr(Error ~ U" 2 A"
(4.1) Co20+ p(u™)1(0 6 u) Pr(An0 = Aju)
unj-gnzAS”)
(4.2) Sz + p(un)zn(H (U)+2) Pr(A,w = 0)
un2AfM
(4_3) . 2.+ 2n(H(U)+ 2)Zid nR e

for some2, ! 0. Equation (4.1) and the bound on the sizeof the typical set follow
from the AEP. The symmetry represerted by the intro duction of w in (4.2) and the
bound on the corresponding probability in (4.3) result from the following argumert.
Let k be the number of onesin an arbitrary w 6 0. Then ead coexcient of vector
Anw is the sum of k independent Bernoulli(1=2) random variables. Since summing
iid Bernoulli(1=2) random variables yields a Bernoulli(1=2) random variable and
the rows of A, are chosenindependertly, Apw is uniformly distributed over its
20nRe possibleoutcomes. Thus EP{M 1 Oasn! 1 ifR>H (U) + 2, o

Lemma 4.2 provides a form of converseto Theorem 4.1. While Theorem 4.1
shows that linear sourcecodesare asymptotically optimal, Lemma 4.2 shows that
any xed linear code yields statistically dependert output symbols. An immedi-
ate consequencas that linear source codes cannot achieve the entropy bound for
non-uniform sources(since achieving the entropy bound would necessarilyyield an
incompressibledata sequence).This result highlights one di®erencebetween xed-
rate, asymptotically losslesdinear codesand variable-rate, truly losslessalgorithms
like Hu®man and arithmetic codes. Variable-rate schemescan achieve lossleser-
formance for any blocklength and preciselyachieve the ertropy for dyadic distribu-
tions. A compensating advantage of xed-rate codesbecomesclear as we move to
linear joint source-©iannel codeslater in this section.

elementin each column.

Pr oof. The proof usesthe analogue of the Darmois-Skitovich theorem for
discrete periodic Abelian groups by Fel'dman [Fel98]. Let us proceedby cortra-
diction. Supposethat the jth column of a has non-zeroelemerts in positionsi and
T (16 i). Then Vi and V; both experiencea non-zerocortribution from U;. In this
case,the independenceof Vx and V; requiresthat p; be a uniform probability mass
function, which givesa contradiction. o

Channel coding can also be viewed as an extension of network coding { in
this caseto unreliable channels. Prior network coding results that addressthe
issueof robust communication over unreliable channelstreat non-ergadic link fail-
ures [KM02 , HKM *03]. We here investigate ergadic failures. Random linear
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code design for an erasure channel is equivalent to random linear network code
design for a single-transmitter, single-receier network with ergodic failures. We
sa that a network code accomplishesoptimal channel coding on the given channel
if the network code can be usedto transmit, with asymptotically negligible error
probability, any sourcewith rate lower than the noisy channel capacity.

For any n £ bnRc matrix b,, we can build a linear channel code with encader
°(vPRC) = p,v. Let X" denote the channel input and Y" denote the corrupted
channel output. For the erasurechannel, yt = y" 2 f0;1;Eg", and we de ne the
decader as

< VPRC if (byv); = y; foralli s.t.y; 2 IF,
H(y") = and ®¢ 6 v s.t. (b,¢); =y foralli sty 2IF;
YbRe  otherwise

wherefor any v 2 IF2™ ¢, (b,v); is the ith componert of the vector b,v. Decading

to VPR ¢ denotesa random decader output.

Theorem 4.3. Consideran erasure channelwith input and output alphalets IF,
and f0; 1; Eg, respctively. The erasure sequen@ Z1;Z5;::: is drawn iid according
to distribution q(z), where Z; = 1 denotesthe erasure event, and Z; = 0 designates
a suaessfultransmission. The channel noise is independent of the channel input.
LetfBngt_, descrite a sequene of n£ bnRc linear channel encoders with elements
choseniid Bernoulli(1=2). If R< 1j q(1), thenEP¢(B,)! Oasn! 1.

Pr oof. For the erasure channel, we can immediately decade Z" from the
receivedstring Y". Forany z" 2 IF},de neE(z") = fe" 2 IF; : e = z 8i sit. z =
0g. A decdding error occursif there existsa® 6 V for whichB,V j B,® = Bh(V |
¢) 2 E(Z"M), sincg,any such ¥ would be mapped to the samechannel output by Z".
For any z" with i”:l . = k, jE(z")j = 2¢. Using the de nition of the typical set,
z" 2 A" implies that ~ [, z - n(q(1) + 29, where2° = 2=log(q(1)=¢(0)). Thus
for any xed z" 2 A{™ and w' 2 IFS"RC, Pr(B,w 2 E(z")) - 2i "2"a®* ) (since
Bnw is uniformly distributed by the argumert in the proof of Theorem 4.1), giving

EP{"(B,) = E Pr(Error ;(z“ 62A£”))X+ E Pr(Error ~ Z" 2 A{M)
2h + (V"R ©)q(z")1(? 6 V)
VbR ¢ bR ¢ |EBMR € 7n o A M)
¢Pr(Bn(in 0) 2 E)((z”))
2+ p(vbnR C)q(zn)zbnR coi non(a@)+ 20)
VbR ¢ [FEMR € 7n 5 A (M)
2, + 2i N(ia@)i )+ bnRc

for some2, ! 0. The expectederror probability deca/sto zeroasn grows without
bound provided that R < 1 q(1)j 2° a

By Shannon'sseparationtheorem, we can achieve optimal communication over
the given erasurechannel by concatenatingoptimal sourceand channel codes. Con-
catenating the optimal linear source and channel codes of Theorems 4.1 and 4.3
yields an optimal linear source-tiannel code.

An alternativ e to separate design and decaling is joint designand decaing.
While we call the resulting code a joint source-tiannel code for historical reason,we
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note that the code doesnot perform the separatefunctions of sourceand channel
coding jointly. Instead, the code maps sourcesequenceso channelinputs in a man-
ner that allows robust communication without any explicit or implicit compression
or addition of channel coding redundancy.

De ne the joint source-tiannel code's encader as 3(u") = c,u. Denote the
random channeloutput by Y". For any y" = y! 2 f0;1;Eg" the decaler is de ned
by 8

< u" if(cuu)j=y forallist y 2IF;
“nly™ = and ®0 6 u s.t. (c,0); =y forallist vyi2lIF;
© 0" otherwise

Theorem 4.4. Consider the source of Theorem 4.1 and the channel of Theo-
rem4.3. LetfC,gl., descrite a sequene of n£ n linear joint source-channelcodes
with elementschoseniid Bernoulli(1=2). If H(U) < 1j g(1), then the expected error
probability EP.(C,)! Oasn! 1.

Pr oof. We decade Z" from the received string Y". A decaling error occurs
if there existsa 0t 6 U for which C,(U j 0) 2 E(Z"). Thus

EP{M(Cn) ,

= 2,+EPr Error"U" 2 A{M(p)~ z" 2 A{M(q)
X X

22+ p(u™)q(z™)1(0 8 u)Pr(Cp(ui )2 E(z"))
nign2A{" (p) zn 2AL")
u Y (D)ZX (a) i

22n + p(un)q(zn)zn(H (U)+ 2)2i nzn(Q(1)+ 279
un2A{" (p) zn 2" (q)

22 4 20 N@i @i % H (V)i ?)

for some2, ! 0. Here Aﬁ”)(p) is the typical set for the source distribution and
AM(q) is the typical set for the noise. Thus EP{(Cy) ! 0if H(U) < 1i o(1) i
20

2.
i o

While we focus primarily on the erasurechannel model, we note that both the
channel coding and joint source-tannel coding theoremsextend easily to additive
noise models.

We begin with the additiv e noise channel's channel coding theorem. Let a, be
andn(l1j R)e£ n matrix with coexcients in IF,. For channel coding, a, plays the
traditional role of the parity chedk matrix. Following Csisz [Csi82], howewer, we
interpret a, as a sourcecode on the noise. For any matrix a,, we can designan
n £ bnRc¢c matrix b, suc that b, hasfull rank and a,k, = 0. Matrix b, plays the
role of the generator matrix for the desiredchannel code. We designhb, to have full
rank sothat ead length-bnRc input messaganapsto a distinct channel codeword.
We force an b, = 0 sothat eath codeword is in the null spaceof a, .

More precisely the channel encader is de ned by ° (v"i ¥) = b,v. The channel
output for a random channelinput b,V isY = b,V + Z. In decding the channel
output, the receiver rst multiplies Y by a, to givea,Y = a,(b,V + Z) = a,Z.
The result of this multiplication is a source coded description of the error signal
Z. Thus the decdaling procedureinvolvesapplying sourcedecader |, to a,Y . The
error is decaded correctly with high probability. The receiver then subtracts the
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error estimate from the received Y to yield, with high-probability, b,V . Sinceb,
has full rank, the receiver can recover V perfectly from b,V. Thus the channel
code's error probability equalsthe error probability for the corresponding source
code on the error signal Z". Given this insight, the channel coding theorem is an
immediate extension of the sourcecoding theorem.

Theorem 4.5 Consider an additive noise channel with input, output, and
noise alphatets all equal to the binary "eld IF,. Let noise Z;;Z,;::: be drawn iid
according to distribution g(z). The channel noise is independent of the channel
input. Let f(Bn;An)gl-; descrite a sgguen@ of channel codes. Each A, is an
dn(1j R)e£ n matrix with elementschoseniid Bernoulli(1=2). EachB,, is designd
to match the correspnding A, as descrited alove. If R < 1§ H(Z), then the
expected error prokability EP¢(Bn;A,)! Oasn! 1.

For any n £ n matrix c,, we can build a joint source-tiannel code for the
additive n%isechannel with encader 3 (u") = c,u and decader

2w ifur 2 Af(p) and 92" 2 AV (g) st cuu+ z= y
Wy = and ®(0";2") 2 (A (p)\ fug®) £ AV (g) sit. o+ 2=y
~ 0" otherwise

Theorem 4.6 bounds the expected error probability for a randomly chosenlinear
code C,,.

Theorem 4.6. Consider the random source U;; Uy;::: drawn iid according to
distribution p(u), and let Z;;Z,;::: be the channel's random additive noise, where
Z1;Z,;::: are drawn iid according to distribution q(z) and are independent of the
source. Assumethat the source, channelinput, channeloutput, and noise alphalets
are all equalto the binary “eld IF,. LetfC,gl., descrite a seguene of n£ n linear
joint source-channel codes with elements choseniid Bernoulli(1=2). If H(U) <
1; H(Z), then the expected error prokability EP¢(C,)! Oasn! 1.

Pr oof. An error occurs if there exists a 0! 2 Agn)(p) such that @ 6 U and

Ch(0j U)2fog[ f2j Z2:22 Agn)(q)g. Forany xed uj @ 6 0 and randomly
chosenC,, the coetcients of vector C,(u j @) are sumsof xed numbers of iid
Bernoulli(1=2) values. Thus l33r(Cn(0 i u)y=w)= 2" forall w2 IF}, and

EP{(C,) = 22,+ EPr Error ~U" 2 A{M(p)~ 2" 2 Al (q)
X
22, + p(u")q(z")1(a 6 u)

(un;zn);(an;2n)2 A (p)£ AL (q)

¢Pr (Cn(uj O)X: 2i 2)

22 + p(un)q(zn)Z”(H (U)+2)on(H (Z)+2) 9i n
(ur;zm)2 AL (p)£ AL ()

22, + 21 N H(Z)i H(U)i 22)

for some?, ! 0. HereEPé”)(Cn) I Oprovidedthat H(U)< 1j H(Z)j 22. =

5. Multiple Access Systems

We next generalizeto network systems. We begin with a simple re-derivation
of the linear multiple accesssourcecodes rst studied by Csiszyf [Csi82].
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Let eath dnRie £ n matrix a;;, and dnR,e £ n matrix a,, de ne a two-
transmitter, linear multiple accesssource code with encaders ®;., (U]) = ainu;
and ®,., (U}) = azn ué and decader

% (l;ud) it (u;ud) 2 A (agnug;aznUp) = (Vi Vo)
— (voR1e. AR ey and ®(01;0;,) 2 A\ f(ug;up)ge sit.
S 3 (a1 01; 8200 02) = (V1;V2)
(0p;0)) otherwise

Theorem 5.1 Let (U1.1;U21); (U1:2; Ua:2); 10 be drawniid according to distri-
bution p(uy;uz) on (IF2)?. Choosethe seguene@ f (A1n;Azn)gi-, of rate(R1; R2)
linear multiple-accesssource codesiid uniform. Then for any rates

R1> H(U1jU2); R2> H(UzjUr); Ri1+ Rz > H(Ug;Up);

Pr oof. An error occursif either or both of (UJ'; U}) is decadedin error. Thus,

E Pe(Al;n ;A2;n)
= %, +E Pr>((_n(®l;n(Ui‘);®z;n(UE>)<)) & (Uf;U7)~ (Uf;U7) 2 AlM)

h p(uf;uz) 1(07 6 ul)Pr(Agn(uri 01) = 0)
(u)”](;ug)ZAg”) og:%g;ug)zAW
+ p(uz;u3) 1(02 6 uz) Pr(Azn(uzi 02) = 0)
(ug;ug)z@(ﬁ“ 00 :(ul;up)2Afm
+ p(ui;uz)1(07 & u3)1(0; 6 uz)

(uh;un);(aq;0n)2ALM
CPr((Ayn(uii 01);A20(uz2i 02)) = (0;0))
2,0+ 2n(H (U1jU2)+2 2) Pr(Al'nW — 0) + 2n(H (UzjUqp)+2 2) Pr(Az-nW _ O)

+2"(H U2 ) pr(A . wy = 0 A Agpwp = 0)
= 2, 4 i (dRuei n(H(U1jU2)+22) 4 oi (dnRzei n(H (UzjU1)+2 2))

+2i (dnR je+dnR zej n(H (Ug;Uz2)+ 2))

for arbitrary , non-zerow!; w};w} 2 IF} andsome?, ! 0. Thusif Ry > H(U;jUy)+
2, R,>H (Uz]Ul) + 22 and Ri+ R,>H (Ul; U2) + 2, then EPe(Al;n ;A2;n) 10
asn grows without bound. o

We next turn to linear channel coding on the two additive multiple access
channelsshawn in Figure 1. The rst is the additive multiple accesschannel with
erasures,and the secondis the additive multiple accesshannelwith additiv e noise.
The additive channel with interference only (no channel noise) can be viewed as
a special caseof either of the noisy models where errors or erasuresoccur with
probability zero. Let X' and X% denote the random channel inputs, and useY"
to denote the corresponding random channel output. Then Y" equals X + X%
corrupted by erasuresin the erasurechannel model, and Y" = X[ + X7 + Z" for
iid additive binary noiseZ" in the additive noise channel model. Both examples
use addition over the binary “eld. All noiseis independert of the channel input.

We begin by deriving the multiple accessapacities. Special caseof this simple
result appear in prior work (see,for example, [Wol73]).
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X1 Xz Xl X2
@ i @ i
@, X1, X2;Y%Z 2 IF; @,
YO N
? ?
o
BEC %7 =z
)
? Y Y2IF
Y Y2f0;1Eg
(a) (b)

Figure 1. Binary additive multiple accesschannelswith (a) era-
suresand (b) additive noise. In both cases,Z;;Z,;::: areiid and
independert of the channel inputs.

Lemma 5.2, The multiple accesscapacities of both the additive multiple access
channel with erasures and the additive multiple accesschannel with additive noise
equal the rate region achievel by time-sharing between the points (C; 0) and (0; C),
where C = 1j q(1) for the erasure modeland C = 1 H(Z) for the additive noise
model.

Pr oof. The cooperative capacity for ead channel equalsthe corresponding
value of C. Sincethe multiple accesscapacity without cooperation cannot exceed
the cooperative capacity and the time-sharing solution achieves the cooperative
capacity, we have the desiredresult. o

Sincetime-sharing betweentwo linear codesyields a linear code, all points in
the set of achievable rates are achievable by linear multiple accesschannel codes.

Theorem 5.3, Consider a multiple accesschannel with input alphalets X; =
X, = IF, and output alphatet Y = f0;1;Eg. If the channelinputs at time i are
X1 and X2, then the channel output at time i is the binary sum X 1 + X, with
probability g(0) and E with probability g(1). Erasuresareiid and independentof the
channel inputs. Let f(B1n;B2n)gi-; descrike a seguene of rate-(,R; (1 ,)R)
multiple accesschannel codes. Here
Bn ~ _ 0 T
o Bz g,
where B, and B;; yn are ,n £ bnRcand (1 ,)n£ b1 ,)nRc matrices,
respectively, with coexcients choseniid Bernoulli(1=2). For any , 2 [0;1] and
R < 1 q(1), the given sequene of linear multiple access channel codes gives
expected error protability EPe(B1n;B2n)! Oasn! 1. Thus all rates (R1;R>)
with R; + R < 1 q(1) are achievable.

Bl;n =

Theorem 5.4. Consider a multiple accesschannelwith input-independent, ad-
ditive noise. Supmsethat the input alphakets, output alphaket, and noise alphalet
are all equal to the binary "eld IF,. Let noise Z;;Z5;::: be drawn iid according to
distribution q(z). If the channelinputs at time i are X;; and X»;, then the chan-
nel output at time i is Y, = X1 + X2 + Zj. Let f(B1n;Ban;An)gio, descrike
a sguene of rate-(,R ; (1 ,)R) multiple accesschannel codes. Matrix A, takes
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form _
An o .
0 Agi.n
whee A, and Ag; jy, aredn(lj R)ef£ ,n anddli ,)n(li R)ef£ (Lj ,)n
matrices, respectively, with entries choseniid Bernoulli(1=2). Matrices B;., and
B, takethe forms

An=

_ Bn~ _ o .
Bin = 0 and By, = Bui n
where B , and B(;; ), are the geneator matrices corresmnding to random parity
check matrices A , and A;; )n, resgectively. For any , 2 [0;1] and R < 1
H(Z), the given sgguene of linear multiple access channel codes gives expected
error prokability EPe(B1.n;B2n;An)! Oasn! 1. Thus all rates (Ry;R2) with
Ri1+ Rz < 1j H(Z) are achievable.

We next tackle the issueof source-tyannel separation.

Theorem 5.5 Given the source of Theorem 5.1 and the channel of Theo-
rem5.3, if H(Up; Uz) < 1j (1), then there existsa sequene of joint source-channel
codeswith probability of error P10 Conversely,if H(U;Uz) > 1 (1), then
the prokability of error for any communication systemis boundel away from zer.
Thus source-channelsegaration holds for the multiple accesserasure channel.

Pr oof. By Theorem 5.1, the Slepian-Wblf region is R; > H (U1jUs), Ry >
H (U,jU;), and Ry + R, > H(Uy; Uy). By Theorem 5.3, the capacity region for the
given channelis R1 + Ry > 1 ¢(1). If H(U;;Uz) < 1§ g(1), then the regions
overlap, and the given sourcecan reliably communicated acrossthe given channel
with separatesourceand channel coding schemes.

Since separation holds for the channel with vector input (X1;X>) and scalar
output Y, no sourcepair (Ug;Uy) with H(Ug;Up) > 15 q(l) = 1(X1;X2;Y) can
be reliably transmitted acrossthe given communication system. o

Theorem 5.6. Given the source of Theorem 5.1 and the channel of Theo-
rem 5.4, if H(Uy;Up) < 1§ H(Z), then there exists a sequen@ of joint source-
channel codes with probability of error P 1o Conversely, if H(Uq;Uy) >
1i H(Z), then the probability of error is boundel away from zero. Thus source-
channelsemration holdsfor the additive multiple accesschannelwith additive noise.

Pr oof. Parallels the proof of Theorem 5.5. o

We next turn to random linear joint source-tannel coding.

Theorem 5.7. Consider the source of Theorem 5.1 and the channel of The-
orem 5.3. Let f(Cyn;Con)dio; descrite a seguene of n £ n linear joint source-
channel coding enmders with elementschoseniid Bernoulli(1=2). Each Ci, (i 2
f1;2g) is an n £ n matrix with elementschoseniid Bernoulli(1=2). If H(U3;Uy) <
1; g(1), then the expected error probability EP.(C,)! Oasn! 1.

Pr oof. A decading error occursif there existsa @t; 6 U4 for which Cy., (U1
01) 2 E(Z"), a 0, 6 U, for which Cy.n (U2 i 02) 2 E(Z"), ora 0y 6 U; and
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0,6 U, for which Cj_;n (Uj_ i 01) + C2;n (U2 i 02) 2 E(Zn) Thus

EP{™(Cin;Can), .
= 22,+ EPr Error~ (U);UN) 2 Al (p)~ 2" 2 Al (q)
X

X
22, + p(u7;uz)a(z")
5 hun)2A" (p) zn 2ALM ()
X
o Pr(Cun(u1i 01) 2 E(2")
ogeug:(og(;ug)zASM(p)
+ PT(C2;n (U2 i 02) 2 E(Zn))
016 ul:(ul;00)2AM (p) 3
X
+ Pr(Cin (Ui 01) + Con(Usi 0)2 E(z")4
an e ul el 6 ul(ar;0n)2A" (p)
X X h . 0
22n + p(ug,ug)q(zn) Zn(H (U1jU2)+ 2)21 nzn(q(1)+ 2%)

(uf ;ug)ZAE”)(p) zn 2 A" (q)

[
+2N(H (U2jU1)+ 2) oi non(a(@)+ 2°) 4 on(H (UniUz2)+ 2) oi non(a(d)+ 29

for some2, ! 0. Thus the expected error probability deca/s to zero as n grows
without bound provided that H (U;;Us) < 1 q(1) 2 2° a

Theorem 5.8 Consider the source of Theorem 5.1 and the channel of Theo-
rem5.4. Let f(Cyn;Con)gi-, descrite a seguene of linear joint source-channel
codeswith elementschoseniid Bernoulli(1=2). If H(U1;Uz) < 1§ H(Z), then the
expected error prokability EPe(Cy.n;Con)! Oasn! 1.

Pr oof. An error occursif two valuesof uj are mappedto the samevalue of x|,
two valuesof uj are mapped to the samevalue of x5, or if there exist distinct noise
vectorsthat map distinct sourcevectorsto the samechannel output. Thus, setting
F(z") =f2; z:26 z;20 2 AQ”’(q)g and restricting our attention to typical
error sequenceswe sum up the error events as: Cy.n(U1j 01) 2 fOg[ F(Z"),
Con(U2i 02) 2 fOg[ F(Z"), and Cy;n(U1j 1) + Con(U2 i 0O2) 2 F(ZM).
From here, the proof parallels the proof of Theorem 5.7. In this case,jF (Z")j -
2n(H(2)+2) 4 1 giving

EPén)(Cl;n , C2;n )X X h .
22n + p(u?yug)q(zn) 2n(H(U1JU2)+ 2)2i n2n(H(Z)+ 2)
(urum2AaM(p) zn2AiM (q)

i
+2N(H (UzjUs)+ 2) oi non(H(Z)+2) 4 on(H (UsiU2)+ 2) g non(H (2)+2)

for some2, ! 0. Thus the expected error probability deca/s to zero as n grows
without bound if H(Up;Uy) < 1§ H(Z) | 22 o
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U1; Us; Us; Upo; Uos; Uss; Ugos

?
ENC
r r T |r T r I
I r
T r T
? 1?2 122? ?

DEC; DEC;, DECs3

? ?
U1; U12; Us; Ugos o Us; U1s; Uoz; Uz
Uz; U12; Uaz; Upos

Figure 2. A broadcastsystem sourcecode with three receivers.

6. Broadcast Systems

A broadcast system sourcecode comprisesa single encader and a collection of
decaders. Sincethe casewith two receivershasspecial structure absern from general
broadcastsystemsourcecodes[ZE99, ZEOO ], wefocuson the three-receiver system
of Figure 2. Samplesof source vector (Uyg; Uz; Us; Uso; Uag; Urs; Ugog) are drawn
iid from somedistribution p(us;uz;us;Uio; Uss;Usz; Us23). The sourcedescription
cortains componerts of rates Ri1, Rz, R3, Ri2, Rz3, Riz, and Riy3. Decader 1
receives the rate Ri, Ry, Ri13, and Rio3 descriptions and usesthem to decade
(U1; Ugz; Ugz; Ugo3). Decader 2 receivesthe rate R;, Ria2, Ros, and Rq123 descriptions
and usesthem to decae (U,; Us2; Uzs; Uro3). Decader 3 receivesthe rate Rz, Ris,
R23, and R,z descriptions and usesthem to decade (Us; Uis; Uas; Uioz). While
seweral receiversdecade the commoninformation, ead hasa di®eren subsetof the
descriptions with which to decae.

Theorem 6.1 provesan achievable rate region for linear broadcastsystemsource
codes. In this case,the linear encaler is a matrix of dimension

(dnR;e+ dnR,e+ dnRze+ dnRe+ dnRyze+ dnRize+ dnR3€) £ n:

The rst dnR ;e bits of the output goto receiver 1 only. The subsequen dnR ;e and
dnR ;e bits similarly go to receivers 2 and 3, respectively, and so on. We again use
typical set decaling.

Theorem 6.1 Let samplesof source vector (Ug; Uy; Us; Ugo; Uos; Ugs; Uios) be
drawn iid aacording to distribution p(u1;Uy; Us; Uio; Uos; Ug3; Usaz) on (IF2)7. Let
fAngi-; beaseuene of rate-(R1; R2; Rs; Ri2; Ros; Ri3; Ri23) linear broadcast sys-
tem source codeswith coexcients choseniid Bernoulli(1=2). For any

sufl;2;3,12,23,13,123y;
let us = (Ua)azs, and let (NR)s =, dnRe. Then for any rates satisfying
(NR)s, H(UsjUs,;s) 8 sp Sy =111213123;s6 A
(NR)s, H(UsjUs,; s) 8 sp S,=121223123;s6 A
(NR)s, H(UsjUs,;s) 8 s S3=13;1323123;s6 A
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fAngL., achievesexpected error protability EPe(A,)! Oasn! 1.

Pr oof. We break encader matrix A, into a collection of dnR,e £ n sub-
matrices, a2 f1;2;3;12,23;13, 123y, sud that

t £ t t t t t t t 2
An = Al;nAZ;nAB;nA12;nA23;nA13;nA123;n

Let EPe(A1a:n) denote the expected probability that receiver 1 decadesin error.

Receiwer 1 errsif it decadesany subsetof its desiredsourcesincorrectly. Thus,
X
EPe(Aton) - 20+ IO(U'I;UEZ;Urfg;UTza)

(U] U ulgiuly )2 ALY
X X
¢ Pr(Asn(usi Gs) = 0)
SHS1s6 Aaneun(anul | )2ALY
2.+ 2n(H (UsjUs, i s)+2 2) 2i (nR)s
suS;:s6 A

for some2, ! 0. The argumerts for receivers2 and 3 are similar, and the code error
probability is boundedby the sum of the individual decaler error probabilities. ©

We next consider two erasure broadcast channel models. In ead, a single
channelinput is sert to receivers1 and 2. In the rst model, the output at receiver 1
is an erasure with probability g;(1) and the transmitted value with probability
a1 (0); likewise,the output at receiver 2 is an erasurewith probability g,(1) and is
otherwise received correctly. Without lossof generality, assumethat g;(1) - (2).
In this model, erasuresare assumedto be independert everts. In the secondmodel,
the erasure probabilities for the two receivers are the same, but the erasuresare
dependert random variables, with all erasuresat the rst receiver propagating
to the secondreceiver. By [CT91 , Theorem 14.6.1],the capacity of the broadcast
channel dependsonly on the conditional marginal distributions p(y1jx) and p(y2jx),
thus the capacity of the two channelsshavn and all channelswith the samep(y1jx)
and p(y.jx) (regardlessof the statistical dependenciesbetween erasureevents Z;
and Z,) are identical.® Sincewe considerdiscrete channels,the degradedbroadcast
channel conversesof [AK75 ] or of [vdM75 ], which allows no or partial common
information, are applicable. Note that the elegart and simple conversefor degraded
BSC broadcastchannelsof [Wyn73 ], which relieson properties of binary sequences,
might be readily extendedto our model, albeit without the generality of [AK75 ,
vdM75 1.

Lemma 6.2 proves time-sharing to be optimal for broadcast coding over the
given family of channels. Theorem 6.3 is then immediate by the previous linearity
of time-sharing argumert.

Lemma 6.2 Consider a binary erasure channelwith output alphatetsf0;1; Eg
at each of two receivers. The erasure sqquen®@sZi.1;Z1.2;::: and Z,.1;Z,.0; 5 are
drawn iid according to distributions 0:(z1) and o(z2), resgctively, where Z;; = 1
denotesan erasure event at receiver i at time j. The channelnoise is independent
of the channelinput. The joint distribution q(z;;z,) may be any distribution with
the given marginals. The capacity region for sendingindependent information to

3All channel models considered here assumeZ; and Z are independent of the channel input.
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the two receivers is descrited by
R; + R, '
1i (@) 1i a@)
If independent rates (R1;R,) are achievableand Ry < R3, then (R?;R9;RY,) =

(R1;R2i Ro;Rp) is achievablewith common information rate R$, and independent
information rates R? and RY.

Pr oof. By [CT91, Theorems 14.6.1 and 14.6.2], the capacity of the given
channelis the corvex hull of the closureof all (R1;R») satisfying R, - 1 (W;Y>) and
Ry - (X;Y1jW) for somejoint distribution p(w)p(xjw)p(y1jX)p(y2jy1). Auxiliary
random variable W has alphabet size 2, and p(y.jy1) is derived from the physically
degradedchannel model. By a symmetry argumert, the optimal W is a uniform

binary random variable with p(xjw) = 1j ~— if x = w and p(xjw) = = otherwise.
Thus

Ry - 1(X5YjW) = (1§ (@)H()

Rz - T(W;Y2)= (1i @)@ i H(O):
Varying H(") from 0 to 1 givesthe independert messageresult. The common
information result comesfrom [CT91 , Theorem14.6.4]. a

Theorem 6.3. Consider the channel from Lemma6.2. Let fB,gl_; descrite
a sguene of linear channel codesfor the broadaast channel, where
B, o
0 Bqi.n

Each B , has elementschoseniid Bernoulli(1=2). If R1=(1i (1)) + R>=(1j
(1)) < 1, then the expected error probability EP.(B,)! Oasn! 1.

Bn:

For the additiv e noise broadcast channel model, linear codescan do at least as
well asthe time-sharing bound, but that bound is not the optimal solution [CT91 ].

7. Input-Dep endent Noise

By assumingthat the channel noiseis independert of the channel input, the
theoremsof the previous sectionrule out asymmetrical channelslike the Z-channel.
Unfortunately, the above techniques do not extend to the casewhere the noise
random variable is dependert on the channel input. In the caseof the single-
transmitter, single-receier channel, source-tvannel separation holds in generalbut
fails for linear codes. In the case of the additive multiple accesschannel with
additiv e noise,separationfails more generally, asshavn next. The samephenomena
may be obsened in erasurechannels.

Theorem 7.1 Consider a multiple accesschannel where the input alphatets
X1 and X,, output alphalet Y, and noise alphalet Z are all equal to the binary “eld
IF,. Let Z;;Z5;::: be the noise random process,and use X ;;; and X to descrike
the channelinputs at time i. The channel output at time i is Y; = Xy + Xy +
Z;. Separation fails when Z; and (X1;X2;) are statistically dependent random
variables.
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Pr oof. The maximal rate attainable in separatesourceand channel coding is
bounded by the multiple accesschannel capacity's bound on the sum rate

Ri+ Ry QW%X|(X1;X2§Y);
1,F2

where P, and P, are the marginal probability massfunctions of X ; and X ,, respec-
tively. The cooperative capacity of the network provides the alternative bound

Ri+ Ry - ngaxl (X1;X2;Y):
12

Separation fails when maxp,.p, | (X1;X2;Y) < maxp,, | (X1;X2;Y), sincethe co-
operative capacity is achievable through joint coding for the sourcewith p(uy;us)
equal to the capacity-achieving value of P15.

Forall i;j 2 f0;1g, let Pr(Z = 1jX1 = ;X2 =j)= ¢ = 1i & . Forthe
multiple accesscapacity, let pj = Pr(X; = 1)= 1 pj. Then

QW%“ (X1;X2;Y) = g‘%ﬁ[H(I@lbz%o + P1p2Go1 + P1P20io + P1P28h1)
1,F2 1,

i Pip2H (o) i PiP2H (G1) i Pib2H (tho) i PaP2H (Cha)l:
For the cooperative capacity, let Pr(X = i; X2 = j) = pj, wherepi1 = 1§ pooi
Pori Pio- Then we similarly 'nd
max| (X 1;X2;Y) max  [H(Y)i H(YjX1;X2)]
12

Poo iPo1 ;P10 ;P11

max  [H (poolpo + Po1p1 + P1oCho + P11éh1)

Poo ;Po1 ;P10 ;P11
i PooH (o) i PorH (1) i P1oH (G1o) i P12H (ch1)]:

The two equationsare not equalin general. For example,let gyo = Oand gy = 1
while gp1 = tio = 1=2. Then maxp,p, | (X1;X2;Y) = 0:5while maxp,, | (X1;X2;Y) =
1. (The maxima occur at p; = p2 = 1=2 and pgo = p11 = 1=2, respectively.) Sepa-
ration fails in this examplesincethe sourcepair (Uy; Uy) with Pr(Ug = O;U; = 0) =
Pr(Up = 1;U; = 1) = 1=2 can be reliably transmitted acrossthe given channel,
despite the fact that the achievable rate region for Slepian-Wblf sourcecoding and
the capacity region for the given channel do not overlap. (Slepian-Wolf sourcecod-
ing requiresa rate R; + R, , 1 while the multiple accesscapacity region extends
only asfar asR; + R, - 0:5.) o

8. The Case for End-to-End Coding

The precedingsectionstreat the topics of sourceand channel coding using the
tools of linear network coding, bringing previously disparate areasinto a common
framework. We end by demonstrating that this uni cation is not only useful in
its combination of tasks once treated ertirely separately but is in fact crucial to
achieving optimal, reliable communication.

Traditional routing techniques rely ertirely on repeat and forward strategies
for getting a sourcefrom its point of origin to its desireddestination. The network
coding literature demonstratesthe failure of that approad in achieving the optimal
performancefor somesimple multi-cast examples[A CL Y00 ]. We next demonstrate
the failure of the network coding model.

The common network coding model assumesthat all sourcesare independert
and all links are noiseless.Implicit in the given model is the assumptionthat source
and channel coding are performed separately from network coding at the edgesof
the network, so that the internal nodes need only passalong the information to
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Figure 3. Networks for which (a) separation of sourceand net-
work coding and (b) separation of channel and network coding fail.
(c) A network for which decading at intermediate nodesis required
for optimal coding.

the appropriate receivers. We next demonstrate that source-nework separation
and channel-network separation both fail. That is, there exist networks for which
network coding and source coding must be performed jointly in order to achieve
the optimal performance. Likewise,there exist networks for which network coding
and channel coding must be performed jointly in order to achieve the optimal
performance. We use a sequenceof simple examplesto prove theseresults.

Example 8.1 The network of Figure 3(a) comprisestwo transmitters and
three receivers. Receiver nodes 1, 2, and 3 wish to receive Uy, U, and (Ug; Uy), re-
spectively. Sources(U;; U,) are dependert random variables, with H (U;) = H (Uy)
and H (Ug; Uy) < H(Uy) + H(Uy). All network links are losslessand the capacities
are noted in the "gure. Achieving reliable communication in this example requires
the descriptions received by nodes1 and 2 to be dependert random variables and
requiressourcesU; and U, to bere-compressedt nodesl and 2, respectively. Thus
separation of sourcecoding and network coding fails.

Example 8.2 In the network shown in Figure 3(b), the channelbetweennode 0
and nodes 1 and 2 is a broadcast erasure channel with independen erasuresof
probabilities g;(1) = (1) = g. The channel betweennodes 1 and 2 and node 3
is a multiple accesschannel without interference. The network coding approad
requires labeling eadh link with its corresponding link capacity. If R; and R, are
the capacities of the edgesto receivers 1 and 2, then R; + R, must be lessthan
1;j gby Theorem 6.3. The links from node 1 to node 3 and from node 2 to node 3
are both losslesswith capacity 1 bit per channel use. Optimal network coding on
the given channel givesa maximal rate of 1; g from the encader to the decader.
We cortrast with the above separated channel and network coding approac an
end-to-end coding strategy. In this case,we do not force zero error probability
between node 0 and nodes 1 and 2 but instead simply forward the information
received by those nodesto the decader. The capacity of the resulting codeis 1 g2
sincereceiver 3 su®ersan erasureonly if both node 1 and node 2 receiw erasures.

Example 8.2 illustrates the failure of separate channel and network coding
schemesand also reminds us that while codesfor canonical network elemers can
be strung together to achieve codes for more complicated networks, the resulting
solutions are not optimal in general. Example 8.2 demonstratesthat sometimes
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decding at intermediate nodesof the network yields suboptimal performance. Ex-
ample 8.3 teachesthe opposite lesson.

Example 8.3. In the channel of Figure 3(c), the links (1,2) and (2,3) are in-
dependert erasurechannelswith erasureprobabilities g;(1) and z(1), respectively.
If we do not decade at the intermediate node, then the maximal achievable rate
from node 1 to node 3is (1 q:(1))(1j (1)). Decading at node 2 yields maximal
achievablerate minf1j qu(1);1i (1)g> (i (D)1 (1)).

The failure of separationin Examples 8.1 and 8.2 and the cortrasting lessons
regarding decaling at intermediate nodes demonstrated by Examples 8.2 and 8.3
make the casefor the need for end-to-end coding in network ernvironments. The
succes®f the linear coding technique in network coding, sourcecoding, and channel
coding suggestghat a uni ed approac that obviates the needfor separaterouting,
compression,and error correction codes may be within reach. In contrast, the
failure of separationacrosscanonicalnetwork systemsseemso presert a far greater
challengeto optimal code designfor networks.
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