Physics 127a: Class Notes

Lecture 9: Grand Canonical Ensemble

This describes a system in contact with a reservoir with which it can exclereggyandparticles The
equilibrium is characterized by the reservi@mperaturel’ andchemical potential.. As for the canonical
ensemble, we can derive properties of the grand canonical ensemble by treating system plus reservoir as an
isolated system together described by the microcanonical ensemble. The results are:

 Probability for the system to havé particles and be in statewith energij.N )is

(N)
Pj,N X e_ﬂ(Ei _MN). (1)

(remember this comes from counting the number of states iredervoir)

» Define thegrand canonical partition function
(N)
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and the correspondirgrand potential

Q=—kTInQ. (3)
» For a macroscopic system we can replace the sums by integrals
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Wherqes/" is the number of states in the energy shell For largeN the integrand is dominated by
E >~ E andN >~ N which minimizeE — uN — TS given by differentiation
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These two equations implicitly giv&€, N, and tell us the physical result that the temperature and
chemical potential of the system are given by the results of the isolated system at the most gtobable
andN. Furthermore in evaluating 1@ only the value of the integrand at its maximum contributes at

O(N)
Q~U-—TS—uN )

(strictly we should use the most probable valégsV, but can replace them by the medAsN since
the distribution is so narrow).

« Differentiating and usingU = TdS — PdV + udN gives the thermodynamic identity in the form
dQ2 = —SdT — Ndu — PdV. (8)
» Making a system af’, u, V by adding little volumesiV at the sameT’, P gives us (since then

dT =du =0)
Q=-PV. 9)



Grand Potential for the Classical Ideal Gas
We can write
Q= Z N OoN (10)
N

with z = e#* known as the fugacity an@ y the canonical partition functiorfor N particles. Also, for the
classical ideal gas

Q)"
Oy = NI (12)
so that N
(zQ1)
Q = Z N]I- = eZQl. (12)
N
Thus o PV
——=—=InQ = : 13
T = T Q=201 (13)
For a monatomic gas we found
2rmkT \/?
Q1=V< 2 ) . (14)
This is the ideal gas law—nbut in terms pfrather thanv. Normally we would eliminatg: in terms of the
meann using
Q2
N=— (—) . (15)
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From Eq. (L3) we see that the only dependence a® is in the fugacity; = ¢##, and differentiating gives
N =z01 (16)

which with Eq. (L4) gives the same expression fo(N, T, V) as we found before, and with Ed.3) gives
the ideal gas law in the familiar form.

Number fluctuations

In the grand canonical ensemble, the probability of findihgarticles in the system is
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For the ideal gas
N
oy =% (19
and
P(N) =" QY e7%9, (19)

As we have seefWV) = zQ1 (this can of course be derived as, N P(N) from equation {9)), so that for
the ideal gas the number fluctuations are described blpdisson distribution

NN —(N)
pvy = N >Ne! : (20)
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