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Laplace Transform
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Existence
The Laplace transform exists for s > a if:
(la) f is piecewise continuous on 0 <t < M
(2a) f is of exponential order as t — oo
(ie. [f(t)| < Ke, t > M, with K,a, M constant)
Writing
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the first integral exists by (1a) and et f(t)| < K@= for ¢ > M so if s > a, the second integral
exists by (2a).

Linearity

L{erf(t) +eg(t)} = a1l L{f ()} + c2l{g(t)} (3)
Transforms of Derivatives
For existence of L{f'(t)} for s > a we require
(Ib) f is continuous with f’ piecewise continuous on 0 < ¢ < M

(2b) f is of exponential order as t — oo.
(ie. [f(t)| < Ke, t > M, with K,a, M constant)



If the discontintuities in f’(¢) are located at t1,to, - - - ¢, then

(') t1 to o0
cirwy = [Terma={ [T [Tees [Tt @
integrate by parts
t1 to o0 [e%e)
= e—stf(t){ +| +- 4 }+s/ e Stf(t) dt (5)
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telescope using (1b)
= ) s [ e (6)
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use (2b) and s>a L{f ()}
= —fO)+sL{f®)},  s>a (7)

LU0} = sLLF@)} = f(0), s>a

For existence of £{f(™(t)} for s > a we require
(1c) f(t),---, f™=1(t) is continuous with £ piecewise continuous on 0 <t < M

(2¢) f(t),---, f=D(t) are of exponential order as t — oc.
(e |f@)],---, [f* V()] < Ke®, t > M, with K,a, M constant)

and by induction we obtain

L)) = S"LLF(0)} = s"7H(0) =+ = 50D (0) = f(0), 5> a

Note that if f(t),---, f"~D(t) vanish at ¢ = 0 then
L{f"M(0)} = s"L{f ()} (8)
so differentiation in ¢ space corresponds to multiplication in s space.

Convolution Integrals
Suppose f(t), g(t), and h(t) have transforms F'(s), G(s), and H(s) for s > a > 0. If

then h(t) is the convolution of f(t) and g(t)
ht) = fxg = [y f(t—r)g(r)dr,
— gl = [ Hglt -y

Hence, if H(s) can be expressed as a product of known transforms, h(t) can be expressed as a
convolution integral. To sketch the proof of (10) we start with the product of transforms (9) and

(10)



seek to identify the form of h(t).
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(let E&=t—7 so d¢=dt)

_ /Ooog(T) UTOO et (t— 1) dt} dr

(reverse order of integration over triangular region)

= /OOO e st {/Ot ft— T)g(T)dT] dt

L~1{H(s)} by definition

= / - e *'h(t) dt
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Reverse order of integration over triangular region
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