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Abstract

Let G be a connected, non-bipartite vertex-transitive graph. We prove that if the only independent
sets of maximal cardinality in the tensor product G x G are the preimages of the independent sets
of maximal cardinality in G under projections, then the same holds for all finite tensor powers of
G, thus providing an affirmative answer to a question raised by Larose and Tardif [8].

1 Introduction

The tensor product G x H of two graphs G and H is defined by

V(GxH) = V(G)xV(H)
E(Gx H) = {(u1,u2)(vi,v2) :uiv; € E(G) and ugve € E(H)}.

The independence number of G, denoted by «(G), is the cardinality of a maximum-size independent
set of G.

Let G™ denote the tensor product of n copies of G. Recently, Larose and Tardif [8] defined
(in an analogy with posets) projective graphs as graphs for which any idempotent homomorphism is a
projection. Recall that an idempotent homomorphism is a homomorphism f : H™ — H which satisfies
f(z,...,x) = x); a projection is a homomorphism pr;,, : H" — H given by pr; ,(71,...,7,) = z;
for some i. They proved that a graph H is projective if and only if it is 2-projective, i.e. the two
projections from H? to H are the only idempotent homomorphisms from H? to H. In [7], they further
investigated the relationship between projectivity and the structure of maximum-size independent sets
in powers of some vertex-transitive graphs and proved that if G is vertex-transitive then, for any n,
we have a(G™)/|V(G™)| = a(G)/|V(G)|. They also suggested the following problem:

Problem. Let GG be a connected, non-bipartite vertex-transitive graph. Suppose that the only
independent sets of maximal cardinality in G2 are the preimages of the maximum-size independent
sets of G under projections. Then, does the same hold for all powers of G?

The assumptions in the above problem that G is connected and non-bipartite are necessary. For
example, consider the complete bipartite graph K, ,, with bipartitions X,Y each of size m. Then
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K,,m has exactly two maximum-size independent sets, namely its bipartitions X and Y. Suppose
n >3, and let [ = {(z1,...,7,) € K}, ,, s [{i 24 € {1,2,3},2; € X}| > 2}. Then [ is a maximum-size
independent set in K7, ,, which is neither a preimage of X nor ¥ under projections. Also, consider a
disconnected vertex-transitive graph H which is the union of two disjoint components Hy, Hy, denoted
by H = H; Ul Hs. Clearly, any maximum-size independent set J of H is a disjoint union of some
maximum-size independent sets J; of H;, i = 1,2. Let I = (Jy x H1)U(Ha x J1)U(J2 x Ha)U(Hy X Jo).
Then, [ is a maximum-size independent set of H x H but is not a preimage of any maximum-size
independent set of H under projections.

In a similar context, Alon et al.[1] considered powers of regular graphs and give a characterization
of maximum-size independent sets for a wide family of base graphs. Based on Fourier analysis on
abelian groups and spectral techniques, they proved, among others, the following statement: let H be
a connected d-regular graph on m vertices and d = py > po > - -+ > u,, be its eigenvalues. If

m d— pim

then for every integer n > 1,
a(H") _ a(H)
mr om

Moreover, if H is also non-bipartite, then the only maximum-size independent sets in H" are the
preimages of the maximal independent sets of H under projections.

Therefore, since a vertex-transitive graph is regular, the above problem of Larose and Tardif has
now become interesting only when G does not satisfy relation (1). In this note, we give an affirmative
answer to this question. We conclude by giving an example of a vertex-transitive graph for which
condition (1) fails but all maximum-size independent sets of its finite tensor powers are preimages of
maximum-size independent sets of the base graph under projections.

2 Main result
Our main result is the following:

Theorem 2.1 Let G be a connected, non-bipartite vertex-transitive graph. Suppose that the only
independent sets of mazimal cardinality in G are the preimages of the independent sets of mazimal
cardinality in G under projections. Then the same holds for all powers of G.

We shall require the following useful theorem of Albertson and Collins which is often known as the
‘No-Homomorphism’ lemma.

Lemma 2.2 Let G, H be graphs such that H is vertez-transitive and there exists a homomorphism
¢:G— H. Then
a(G) . a(i) o)
V(G)| [V (H)|

Furthermore, if equality holds in (2), then for any independent set I of cardinality a(H) in H, ¢~1(I)
is an independent set of cardinality a(G) in G.



We also need the following lemma.

Lemma 2.3 Let G be any connected, non-bipartite, vertex-transitive graph. Then for any a,b,g,h €
G, there are walks Wy, from a to b and Wy, from g to h of equal length.

Proof. Since G is connected, there are paths Py, = (a,z1,...,%m,b) from a to b and Py =
(9,Y1,--+,Yn, h) from g to h in G. Without loss of generality, assume that m < n. Then if both
paths are of even length or odd length, we merely have to take

Wgh = Pgh;
Wab = (aaxlv o s Ty Tm4ls -3 Ty b)7
where Timi1 = Tm—1,Tm+3 = Tm—1,--+>Tn—-1 = Tm—1 aNd T2 = Ty, Timtd = Ty« -« s T = Ty

Otherwise, Py, and Py, have different parities and we shall first find a walk P/, with parity equal
to Py,. Since G is non-bipartite, it contains an odd cycle C' = (c1,. .., co41,¢1). Furthermore, there
is an atomorphism o € Aut(G) such that o(c;) = a. Let

Pz;b = (C%U(Cz), e ,U(C2l+1),a,$1, ey Ty b)-

Now, we can pad the shorter walk as above to make them equal in length. |

Proof of Theorem 2.1. Let I(G) denote the set of all independent sets of maximal size in G. Let
n > 2. We proceed by induction on n. For an automorphism o € Aut(G) and 1 < i < n — 1, define
the homomorphism ¢, ; by

boi  G"1 G

(V1. y0p—1) = (v1,...,0np—1,0(v;)).

Let I € I(G"). By Lemma 2.2, d);i(l) is an independent set of maximum size in G*1. By
induction,
¢ (1) = prjjm_l(Jm) =Gx- X Jyix-xG
for some J,; € I(G) in the j,;-th coordinate.
For a fixed 1 <i < n —1 and a fixed automorphism o, we show that the following holds:
Case I. If j,; = i, then for any 7 € Aut(G), jri = joi = i.
We first prove the following claim:

Claim 1. Let g € J,;, h = o(g). If there exists a € G such that (g,a), (h,p(a)) € E(G) for some
JAS Aut(G’), then ja,i = jp,i-

Choose a vertex c € J,; and a vertex d € G such that ¢ and d are adjacent. Consider the sets

¢o,i = Qbo,z(qb;}(l)) (vlv .. .,Un) eG": Up = U(”i)?”jg,i =; € Jcr,i} clI,

=1
Vpi = ¢p7i(¢;21([)) ={(v1,...,v,) € G" s vy = p(v3),v;,, € Jpi} C 1.

If j,; # i then we may choose (y1,...,Yn) € ¥,; where y; = a, y, = p(a) and the remaining coordinates
(including j, ;) are c. On the other hand, we can choose (z1,...,%,) € 9y, such that z; = g,z, = h



and all other coordinates are d. Then both (yi,...,y,) and (z1,...,zy,) lie in I and are adjacent,
which is a contradiction. So j,; =% = jsi, proving the claim.

Let 7 € Aut(G) and choose any e, f € V(G) such that 7(e) = f. By Lemma 2.3, there exist two
walks of equal length (¢ = s1,892,...,8, =€) and (h = t1,t2,...,ty, = f). Furthermore, to each sy,
there is an automorphism 75, with 74 (s;) = tx. Set 71 = o and 7, = 7. Now, it follows from Claim 1
that ja,i = jn,i == ij,i = j‘r,i-

Case II. If j,; # i, then j,; = jr; and J,; = J,; for all 7 € Aut(G).

Again, we first prove that Claim 1 holds in this case. Assume, for a contradiction, that j,; # 7,
If j,; =i then j,; = j,; = ¢ by the conclusion of Case I, contradicting our assumption that j,; # i.
S0 jpi # t. There are now two possibilities: either J,; = J,; or Jo; # Jp ;.

Subcase i. J,; # J,;.

Then by the maximality of J,; or J,;, we can find two vertices ¢ € J,; and d € J,; such that
(¢,d) € E(G). Let x = (x1,...,2,) € Yo, such that z; = g, x, = h and every other coordinate is c,
and let y = (y1,...,Yn) € ¥, such that y; = a, y, = p(a) and every other coordinate is d. Then both
x and y lie in I and are adjacent, which is a contradiction.

Subcase ii. J,; = J,;.

Choose ¢ € J,; along with another vertex d € V(G) which is adjacent to c. Set x = (z1,...,2z,) €
Yo such that z; = g, ,, = h, zj,, = c and every other coordinate (including z;,,) is d. Also, set
Yy = (Y1,---,Yn) € Yp,i such that y; = a, y, = p(a), y;,, = d and every other coordinate (including
Yj,.) is c. Once again, x is adjacent to y in I, which is a contradiction. This proves Claim 1.

Now, for any automorphism 7, we use Lemma 2.3 as above to conclude that j;; = jo; # 7. To
show that J,; = J;;, we shall use Lemma 2.3 again. Choose g, h,e, f € V(G) such that o(g) = h
and 7(e) = f. By Lemma 2.3, there exist two walks of equal length (¢ = s$1,82,...,8m = e),
(h =t1,t,...,tym = f) and automorphisms 7 = 0,7y, ..., Ty, = 7 such that 75(sg) = tx, 1 < k < m.

By the same argument given in Subcase i above, we deduce that J,; = Jr ; = Jri = = J;

m 7i =
Jri.

Armed with the above results, we are ready to prove the theorem, that is to show that I = prjjib(J )
for some J € I(G) and some j € {1,...,n}. There are two cases to consider: either j,; = i for all
o € Aut(G) and 1 < i <n — 1 or there exist some o and i such that j,; # 1.

Suppose that the later holds. Then, by Case II above, there exists a j € {1,...,n — 1} and an
independent set J € I(G) such that for all automorphisms 7 of G, j.; = j and J;; = J. Define the

set
Li= | vrmi= | ¢nile ) (D).
TeAut(Q) TeAut(Q)
Clearly, I4; C I, because v, ; C I for each 7 € Aut(G). Now, consider the independent set prj_ﬂll(J )=
{(z1,...,2,) € G" : z; € J}. Each ¢;; C pr;}L(J), so Iy; C pr;TIL(J). On the other hand, for any
element x € prjjrll(J), choosing 7 with 7(z;) = x,,, we have x € ¢, ; C I, ;. Therefore, I;; = pr;}L(J).
-1 . -1 . . .

So pr;, $J ) C I. Since both pr; (J) and I are independent sets of maximum size, we conclude that
I =pr;,(J).

It remains to consider the case j,; =i for all i, 0. For every i and o, let 0(Jy;) = {xn = o(z;) :
(1,...,2n) € Yy} Clearly, o(Jy,) € I(G).

Leti,7 € {1,...,n—1}, j # i, and 0,7 € Aut(G). Note that such i and j exist since n—1 > 2. We
will show that o(J,;) = 7(Jr;). Suppose o(Js;) # 7(J7;). Then there exist ¢ € 0(J5;), d € 7(Jr;)
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such that (c,d) € E(G). Pick two vertices a,b € V(G) such that (a,771(d)), (b,c7(c)) € E(G). Set
x = (x1,...,2y,) such that z; = o71(c), z, = ¢, x; = a and every other coordinate is c. Also, set
y = (Y1,...,yn) such that y; = 771(d), y, = d, y; = b and every other coordinate is d. Then = € v,
is adjacent to y € 1, ; in I, which is impossible. So o(Jy;) = 7(Jr;) for any o, 7, ¢ # j. This implies
that there is a unique J € I(G) such that J = o(J,;) for all 1 <i <n —1, 0 € Aut(G).

Suppose I # pr;,}(J). Then there exits © = (z1,...,2,) € I with x,, ¢ J. By the maximality of
J, there is a vertex y, € J such that (z,,y,) € E(G). Choose a vertex y; which is adjacent to z; and
choose an automorphism o with ¢=!(y,) = y1. For 2 <i < n — 1, choose y; so that (z;,1;) € E(G).
Then, by the preceding paragraph, y = (y1,...,yn) € ¥o,1. But x and y are now adjacent in I, which
is a contradiction. Therefore, I = pr, 1 (J). [

3 A concluding remark

For a nonnegative integer k, let Cay(S,, Dy) denote the Cayley graph on the symmetric group S,
generated by the set Dy, = {g € S,, : fix(g) < k} where fix(g) = |{z : g(x) = x}| is the number of points
fixed by g. It was recently proved that the only independent sets of maximal size in Cay(S,,, Do) and
tensor powers of Cay(Sy, Dp) are the cosets of point stabilizers in S, see [2], [5] and [6]. However,
it is generally difficult to even determine the independence number of Cay(S,, Dy) for k > 2. For
instance, the independence numbers of Cay(S,,, D1) are only known when n is a prime power, namely
a(Cay(Sn, D1)) = (n — 2)!, see [3].

When n = 4, the graph Cay(Sy, D) is connected, non-bipartite and vertex-transitive. A MAPLE
computation shows that the eigenvalues of Cay(Sy, Dy) are 17,5,1,—1,—3. So relation (1) fails for
this graph. Using the GAP share package GRAPE, it can be shown that the only largest independent
sets in Cay(Sy, D1) and Cay(Sy, D1) x Cay(Sy, D1) are the cosets of the stabilizers of two points in
Sy and Sy x Sy respectively. The following is an immediate consequence of Theorem 2.1.

Proposition 3.1 Let G = Cay(Sy, D1). Then the only largest independent sets in G™ are the cosets
of the stabilizers of two points in the direct product of n copies of Sy.
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